Math 36 Final Exam

Fall 1998 - Hartlaub
Complete all of the questions below.  The point values associated with each problem are clearly marked.  Please remember the ground rules we discussed in class.  You may use your notes and consult any reference books that you want.  However, you may NOT discuss these problems or your solutions with anyone else.  The exam should be submitted to me by 4:30 PM on Monday, December 14.  Good Luck and Happy Holidays!

1.
Suppose that X is random variable whose density function is





[image: image1.wmf](

)

1

2,22

()

4

0,.

xx

fx

elsewhere

ì

--££

ï

=

í

ï

î








(5)
a.
Find the cumulative distribution function (c.d.f.) of X.

(5)
b.
Find the expected value of X.

(5)
c.
Find the variance of X.

2.
The intradermal skin test for tuberculosis is subject to error.  If the injection is too deep, the welt that indicates a positive test may not appear even in a patient with the disease.  On the other hand, a healed tuberculosis or an infection by a different type of bacteria may cause a positive result on a patient without an active case of the disease.  Estimates of the chance that a tuberculin test shows a positive result on people who have the virus vary, but 90% is a typical number.  Suppose that the test also shows negative on 90% of the subjects who do not have tuberculosis.  Suppose that 1% of the population in a densely populated area has tuberculosis.  If a randomly selected subject tests positive, what is the probability that the subject has the disease?  (15)

3.
Suppose that earthquakes (both minor and major) occur in the western portion of the United States in accordance with a Poisson process at a rate of 2 per week.  Find the probability that at least 3 earthquakes will occur during the next 2 week period.  (5)

4.
Two softball teams are negotiating a format for deciding how to determine the league champion.  Two possibilities have been mentioned:  a "best two of three" playoff series or a "best three of five" series.  Suppose the members of one of the teams estimate that they that they have a 55% chance of defeating their opponent on any given day.  Which of the two playoff schemes should they support?  Compute the two relevant probabilities.  Assume that each game can be considered an independent trial.  Does your answer make sense intuitively?  (15)

5.
A four sided die is a tetrahedron whose four sides are numbered 1, 2, 3, and 4.  The die is "fair" in the sense that each of the four numbers (sides) are equally likely on each roll.  Let X denote the number obtained on the roll of this tetrahedron.

(5)
a.
Find the probability generating function (p.g.f.) of X.

(5)
b.
Let Y denote the sum of two outcomes obtained from the roll of a pair of these dice.  Use the p.g.f. from part (a) to obtain the distribution of Y.

(5)
c.
Use either the p.g.f. from part (a) or the p.g.f. from part (b) to find the expected value of Y.

(5)
d.
Find the variance of Y.

6.
A grocery store is sponsoring a sales promotion where the cashiers give away one of the letters A, E, L, S, U, and V for each purchase.  If a customer collects all six (spelling VALUES), he or she gets $25 worth of groceries free.  What is the expected number of trips to the store a customer needs to make in order to get a complete set?  Assume the different letters are given away randomly and justify your answer.  That is, I want you to provide a detailed mathematical justification, not just a numerical answer. (15)

7.
Five cards are dealt from a standard deck of 52.  Write down numerical expressions for:

(5)
a.
The probability that the third card is a Queen.

(5)
b.
The probability that the third card is a Queen given that the last two cards are not Queens.

(5)
c.
The probability that all cards are of the same suit.

(5)
d.
The probability of two or more Queens.

8.
A random variable U is uniformly distributed on {1, 2, ..., 10}.  Let X be the indicator of the event (U(5) and Y the indicator of the event (U is even).

(5)
a.
Find E[X] and E[Y].

(5)
b.
Are X and Y independent?

(5)
c.
Find cov(X, Y).

(5)
d.
Find [(X+Y)2].

9.
Suppose that T is a random variable such that P(T>t) = e- t, t(0.

(5)
a.
Find the probability density function of T.

(10)
b.
Use a transformation of variable technique to find the probability density function of X = 1/T.

(5)
c.
Show that the memoryless property, recall our discussions dealing with the geometric distribution, holds for this distribution.  That is,  prove that P(T(s+t(T(t) = P(T(s) for fixed constants s,t ( 0.   

10.
A four engine plane can fly if at least two engines work.

(5)
a.
If the engines operate independently and each malfunctions with probability q, what is the probability that the plane will fly safely?

(5)
b.
A two-engined plane can fly if at least one engine works.  If an engine malfunctions with probability q, what is the probability that the plane will fly safely?

(5)
c.
Which plane is the safest?

11.
Suppose X is uniformly distributed over the interval (0,1).  Find the p.d.f of 

Y = -2 ln(x).  (10)

12.
Use the joint distribution in the table below to find

	
	
	Y

	
	
	1
	2

	X
	1
	1/12
	1/6

	
	2
	1/6
	1/3

	
	3
	1/12
	1/6


(5)
a.
cov(X, Y).

(5)
b.
var(X + Y).

(5)
c.
cov(3X + 2, Y - 5).

(5)
d.
P(X = 1 ( X + Y = 3).

(5)
e.
M.A.D.(Y).

(10)
f.

σ(Y ( X = 1).

13.
A new demonstration event in the Winter Olympics is the 28-man bobsled.  The coach has 30 men available.  How many teams can he form, assuming:

(5)
a.
The order in which they are seated in the sled matters.

(5)
b.
The order does not matter.

(5)
c.
The front man, who steers, and the rear man, who does most of the pushing, are distinct from the rest, whose order does not matter.

14.
A student makes 100 check transactions between receiving two consecutive bank statements.  Rather than subtract each amount exactly, she rounds each entry off to the nearest dollar.  Let Yi denote the round-off error associated with the ith transaction.  [It can be assumed that Yi has a Uniform p.d.f. over the interval (-1/2, 1/2).]  Use the central limit theorem to approximate the probability that the student's total accumulated error (either positive or negative) after 100 transactions exceeds $5.  (15)
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