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Convergence and Divergence of Series

e The n-th term test for divergence. If lim a, # 0, then > a, diverges.
n—oo n=0

Example. Since
2k — 3k +1
)

e I
the series
i 2k — 3k + 1
2
— k2 +4

diverges.
e Telescoping series. We can use partial sums to determine whether or not a
given telescoping series converges. Keep in mind that usually (but not always),
you will use partial fractions to identify a series as a telescoping series.

(1 1
< ) The n-th partial sum is

- 1
Example.z = - —
k:lk(k+1> ~\k k+1
1
=1- .
Sn n+1

Thus, since lim S, = 1, the series converges to 1.
n—oo

o Geometric series. The geometric series

Zark:a+ar+ar2+ar3+--~

00
=0

k

if [r] <1

— converges to
1—r

— diverges if |r| > 1
is a geometric series with a = 1 and

! k—1+1+1+
4
= 2.

Example. Z (5 = 5
k=0

r = 1/2. Since |1/2| < 1, the series converges to

1
2
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e Integral test for positive series. Suppose that, for all > 1, the function
a(x) is continuous, positive, and decreasing. Let a; = a(k) for all integers k > 1.
Consider the series and the integral

o0

> " a; and /1 h a(z) du.

k=1
— If either diverges, so does the other.

— If either converges, so does the other. Note: the integral test does not tell
us what value the series converges to; the test just tells us that the series
converges if the corresponding integral converges.

[e.e]

1 1
Example. Since the integral / —dz, diverges, the harmonic series Z z also
L k=1
diverges.

=1
e The p-test for series. The p-series Z w
k=1

— converges if p > 1. Note: the p-test does not tell us what value the series
converges to; the test just tells us that the series converges if p > 1.

— diverges if p < 1
e Comparison test for non-negative series. Consider two series Xa; and

Ybi. Suppose that
0 <a <b

for all k.

— If ¥by, converges, so does Yay.

— If Ya,, diverges, so does Xby.

Example. Since
1 < 1
k242 7 k2

also

o0 1 o0
for all &k, and since Z 7 converges (p = 2 > 1), the series Z
k=1

2
—~ k2 +1

converges.
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e Ratio test. Let
Ak41

ay

L = lim

k—oo

— If L < 1, then Xaj converges. Note: the ratio test does not tell us what
value the series converges to; the test just tells us that the series converges
it L <1.

— If L > 1, then Xa; diverges.
— If L =1, then the test gives no information, and other techniques must be

used.

The Ratio test is often useful for series in which the index k appears in an
exponent or a factorial.

. R
Example. Consider the series Z o Since
k=1
1
|
lim [EEE — 0 <1,

the series converges.
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