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Introduction to Power Series

A power series is a series of the form

oo

Z ap(r — 20)* = ag + ay(x — z0) + as(x — 20)* + as(z — 20)> + - - -,
k=0
where x is a variable, the constants a; (which might depend on k) are called the
coefficients, and the constant z is called the base point or center of the power
series. A power series may converge for some values of z and diverge for other
values of x.

Examples.

1. Find all values of x for which the power series Z z¥ converges.
k=0

2. Find all values of x for which the power series Z - converges.
k=1

k
3. Find all values of = for which the power series Z(—l)k kfgk
k=1

converges.

4. Find all values of x for which the power series Z(m — 5)% converges.
k=0

5. Find all values of x for which the power series Z 2k 2* converges.
k=0

(2 —3)"

6. Find all values of x for which the power series Z T
k=1

converges.

7. Find all values of x for which the power series Z klz* converges.
k=0

Theorem: Convergence of Power Series. For a given power series

Z cr(x — x0)F,

k

00
=0

there are only three possibilities:
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1. The series converges only when z = x.
2. The series converges for all x.

3. There is a positive number R such that the series converges if |z — xy| < R and
diverges if |z — zo| > R.

The number R in case 3 is called the radius of convergence of the power series.
The radius of convergence is R = 0 in case 1 and R = oo in case 2. The interval
of convergence of a power series is the interval that consists of all values of = for
which the series converges. In case 1, the interval consists of just the single point
xo. In case 2, the interval is (—o00,00). In case 3, there are four possibilities for the
interval of convergence:

(o — R,zo+ R), (vo— R, +0+R], [ro— R,z0+ R), [ro— R,z0+ R].

Examples.

[e.e]
1. If Z c4® converges, does it follow that the following series converge?
k=0

() D en(—2)*

() > en(—4)"

2. Suppose that Z cpx” converges when x = —4 and diverges when z = 6. What

k=0
can be said about the convergence or divergence of the following series?

o0

(a) Yo
k=0

(b) > 8"

k=0
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