SECTION 5.8 CHAPTER SUMMARY

§5.8 Chapter Sunfmary

1. (a) Note that f(x} < O for all x in the interval {0, 40]. Furthermore, it is clear from the picture that
f(x) < —55 (the area of eleven dotted rectangles). Thus, the best estimate of fo fx)dxis —635.

fm flx)dx e —37

®) 30-10 20

=185

2. [h(xydx < H(S) < 5 (h(10) — h®) < [£ h(x) dx < 35 "B dx < [[Oh(x) dx < Jghx) dx
(e, (vi) < () < (i) < (vii) < (@) < @) < (V)
3. (a) y = —2is one possibility.
(b) y = & — 20x is one possibility:

1
R 4. Let f(x) = sin(e*). Then, 0.4 < sin(e) < f(x} =1 if 0 < x < 1. Therefore, 0.4 < f fxyde = 1.
o
5, If0 < x < m,cos1 < cos(sinx) < 1. Therefore,

o
%-:cosl-(:r—O)sf cos(sinx)dx < 1- (v —~0) = .
4] i

6. (a) fO<x <m thenO<sinx <1 = 1 < e¥2% < e Thus, 7 <fye "'“‘dx < re.
Fr<x<2m,—1<sinx <0 == l/e <e™* < 1. Thus, n/e < f§ ™ dx <.
Since [Z* e2% dx = [ e™¥dx + [; 27 gsinx dx, the inequalities above lead to
71+ 1/e) < [ 0¥ dx < (1 + €.

. 50
(b) Since the integrand is periodic with period 277, 257(1 + 1/¢€) < [ eBF dx < 25x(1 + e).
' 0

7. (a) Since the graph of the arétangent ﬁmction& is concave down, the secant line through the points
(0, arctan 0) = (0, 0) and (1, arctan 1) = (1, 7r/4) lies below the curve y = arctan x.

(b) Let f(x) = arctanx. Then f(0} =0, fFley=101+ xz), and so f’(0) = 1. Therefore, the equation
of the-tangent line is y = x.

(c) Let g be secant line from part (a) [g(x) = mx /4] and h(x) = x be the tangent line from part (b). Then
g(x) < arctanx < h(x) if 0 < x < 1. Therefore,

1
n

———f (x)a'x<f arctanxdx<f h(x)dx =l.
8 0 o -2

8. (a) Since0 <x*f(x) < fx)if0<x < 1and k > 0is an integer, fO‘ f(x)dx < fO‘ fx)dx.
(b) No. For example, let £(x) = —1. Then —1 = f§ fx)dx < fy xf(x)dx = —1/2.

/2 7 w2 : w2 w2
5. (a) f sin® x dx +f cos? x dx =f (smzx + cos x) dx —f dx = z
0 0 0 0 2

n/2 7i2 v] w/2
® f cos® xdx = f sin?(x — w/2)dx = f " sin®xdx = f sin® x dx
[V 0 /2 0

w2 w/2 nf2 T 72 T
(c) f sinzxdx+f coszxdx=zf sinzxdx=—.sof sin?xdx = —.
() 0 0 2 0 4

10. (@) T+ cos(x) = +2cos? =~2cosxif0<x <n/2.
(b) No, since 7, I JTFcos@xydx = ""/-fx/z cos x dx.
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fl fx)dx
2 <

3
11. The bounds on f imply that —4 < f F(x)dx < 10. Thus, =2 < Z=——— <.

12..LetV(c) f(f(x)—c) dx—f (f=) dx——2cf f(x)dx+c2f dx. Now

Viic) = -2 f fx)dx +2c(b—-a)is zero ife= (fa JFx) dx) /(b —a) (ie., if c is the average value off
on the interval {a, b]). Since V”(c) = 2(b — a) > 0, this value of ¢ corresponds to the minimum value of V.

13. (a) No.Let f(x) =0and g(x) = x. Thenf f(x)dx = f_] glx)dx = Obut f(x) > g(x) if
~l=<x=<0.

(b) Yes. If f(x) > g(x) for every x suchthata < x < b then f f(x)dx > fa g(x) dx would be true —
a contradiction.

x b b
14. G(x)=fx f(t)dt:f f(r)dr—f ft)ydt = F(x) + C where =-f f@)yde,
b a a a

15, sinfx =1 —cos’x = sin?x + C1 = (1 —cos?x) +Ci =—costx+(1+C)=—-cos’x+C2

1 1

16. 3 sin(2x) = 3 .2cosxsinx = cosxsinx
1 . 2 cos x si |

17. -z-cosxsmx = ——S:E =3 sin(2x)

18. (a) fsinzxdx = f %(1 — cos(2x)) dx = % ([ 1dx —fcos(zx)dx)

1 1, x 1, ,
=E(x—ism(Zx))+C—5—Zsm(2x)+C
(b) /1T —cos(2x) # J2sinxifr < x < 2m.

19. (xlnx—x+C)'=lnx+§-—l=lnx

1 ’ o
- 20. (xa:ctanx_vi_m(1+x2)+c) = arctanx + ——— ~

1
= = arctanx .
T3a2 2 T§a2 e
- (1 x | l/a 1
21. | - tan | —~ Cy=-. =
(aam (a)+) a 1+ (x/a)? a?+x2
ecxtanx
22. (lnlsecx] +C) = 2% < tanx
secx
2 tan
2. (lnlsecx+tanx|+C)'=secxmnx+sec x =secx( X -4 5ecx) — secx
secx +tanx secx +tanx
1 I+x 1 1~ 2 1
24, | =In = -
(2 ll—x + ) 2’ 1+x (1—;‘:)2 T 1-x?
' i —2x
25. {x arcsinx ++/1 —x2 4+ C) = arcsinx + + = arcsinx
( ) Jl x 2V/1—x?

26. f (3x5 +4x-2) dx = 3x%—4/x+C

21, ‘;x 4 fx|+C
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29.

30.

31,

32.

33,

3s.

36.

37.

38.

39.

4].

42,

43,

45.

[ dx —larcsinJ;+C
e ?
3 .
fT—dx=3mcmnx+C
x2 41 .

f3e4“ dx = %e‘u +C

f (2sin(3x) ~ 4cos(5x)) dx = ~% cos(3x) — $sin(5x) + C

f 4sec2(3.x) dx = %tap(3x) +C

j(1+,/£)2 dx =[(1+2ﬁ+x)dx=x+§x3/2+%x2+C

f(; + 12 Yxdx = f (x’” +2x43 +x‘/3) dr=$x1P + 7P+ 3+ C

3 — 2 9— 2 ’
f( xX) dx:f——éx;i{—dx=9]nlxi-—6x'+%x2+c

1-— 3
f ¢ ﬁx) dx = f (772 =32 4 3002 - 577) dx = 222 2674 4300 324

\[e"(l—e")dx:[(e“—ez"):e"—%ez"—i—c

Letu = (x — 1). Then,

| =l == =

= arcsin # = arcsin{x — 1)

Letu=x2.Thendu=2xdxsofxsin(x2)dx=-2—fsi1‘1udu=—%cosu+C=—%cos(xz)+C.

dx 1 [ du

1 i
X ~In = ~In2x+1+C
m+l 2] w2 lul + € = 5 Inf2x + 1)+

: 1 . -
Letu = x*. Then du = 4x> dx sofx%“‘dx =zfe"du = iE“+C=%ex4+C.

. . . alcml \‘
Using the subsitution # = arctan x, = dx = f udu =
' 14+x2

Inx)? |
Using the substitution u =lnx,f( ;) dx = fu3du =

d L[ d - L
. Using the substitution u = 3x, z = f 24 _ larctanu = § arctan(3x) + C.

1+9x2 3f 1+u2

sinx
cos X
=—$ut+C=~%(ln lcosxl)2 +C.

Let u = In{cosx). Then du = — dx =‘—tanxdx.Therefore,fln(cosx)tanxd =——fudu
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1 1 :
46. Letu:xz.'I‘hendu=2xdx.Thercfore,f x/1—xtdx = % Jl-uzdu=%-3}=%.
’ 1} 0 :

1
. {NoTE:! f V1 — u2 du is the area of a quarter-circle with radius 1.
L]

1

47. letu =1 —-x.Then,f

0 1
A —-x)"dx = | (1 —w)*u™ {(—du) = f Wt - u)"du.
0 ‘ 1 0

48. The “proof” is flawed because u = x ! is not defined for x = 0.

49. /1 —sin’x = —cosx if 7/2 <x <. The ‘proof" incorrectly replaces \/1 — sin? x by cos x for all x in
- the interval [0, 7] .

50. (a)f r{t) dt
0

5
®) [ F(8) dt &~ 326295 4 3201 4 32,015 4 32002 4 32,075  186.36
A .

{c) Each term approximates the amount of oil consumed during the previous year.
5 1, 0.05¢ 32 0]’ 025 ‘

d 3270 dt = ——e” =640(e"~ —1) = 181.78

@, fo *= 005° ]O (<% -1)

51. According to the Fundamental Theorem of Calculus, the change in the coffee’s temperature is

5
5 5 3.5
¢ _ ~0.05¢ -~ ,=0.05
AT...'/; T(t)dr_.j(; ( 3.5e )dt_0.0Se .

Therefore, after 5 minutes, the temperature of the coffee is approximately 74.5°C.
52. left: fsJ’zxdx-~ > 29:,’/2 o2 ~1§9 Ji
il A 10 4 AT IR Y S
- j=0 j=0
: - 10
.5 01 -
2.] p— E E y}

nndpomtf \/—-dx~—z\72 G +0.5) — —-Zm_

5' . E

53. left: f «/idx«»—z‘/S (k—=1)- TV' N ‘/3 g , E |
5 5 5 I _ 5 -

nghth_dx FZ_:‘/ NE) 3G+ ‘ |
N — .Sn—lr—s o ;

kg 3.(k—0.5)- N=ﬁz 3-G+05 5

4
5
54. () ; D@3t E-D 0.5)°

(b) No. The endpoints of the subintervals are xg = 0, x1 = 5/2, x2 = 10/3, x3 = 15/4, and x4 = 4. The
sampling points are ¢; = 2.3, ¢z = 2.8, c3 = 3.3, and ¢4 = 3.8. However, since ¢; and c3 lie in the
same subinterval, the sum is not a Riemann sum.

=70 (e-°-25 - 1) A —15.5°C.

zlu '

midpoint; f +3xdx ~
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35.

56.

57.

-~}

58,

oo

59.

6l.

62.

63.

67.

68,

3
f gu)du = G(3}
1

1 0
f g(x)dx = ——f g(xydx = —G(0)
0 1

) 1 2 -2 2
f gydt = f g(t)de +f gdr = -f gty dt ‘+./‘ g{tydr
-2 -2 1 1 1

==G(-2)+G(2) = G(2) - G(-2)

4 4 2
[ swar= [ swa- [ swa=c0-ca
2 1 H

(a) If f is an even function, f(x) = f(—x) so the signed area of the region enclosed by the graph of f
between x = —3 and x = 0 is the same as the signed area of the region enclosed by the graph of f
bctwcenx = 0 and x = 3. Thus,

Pafeyde= 2% fde+ f fxyax=2f; fx)dx=2- “1=-2.

(by If f is an odd function, f (x) = — f(—x) so the signed area of the region enclosed by the graph of f
between x = —3 and x = 0 has the same magnituzde but the opposite sign as the signed area of the
reglon enclosed by the graph of f between x = Q and x = 3. Thus, .

S fmrdx = 2 fydx + i f(xydx =0.

.O0<xsinx <xif0<x<ms00xf; x‘sinxdxsfgxdxzxzﬂ

' 1 ) 4 1
Note that k(1) = f g(t) dt, that h(4) = f g(z) dr, that f g(x)dx = 0, and that
0 1] 1

3 . 5 : ‘
f gt)dt = — f g(t) dt. Finally, using the signed area interpretation of the definite integral, it is clear
5 ‘ 3 '
from the graph that [ g(1) dt < [ g(w)du < =1 < (1) < [} g(x)dx < h(4) <3 <5.
Ml)=gl)=-1

x .

No — Since h(x) = / g dr, W' (x) = g(x) and h”(x) g'(x). Therefore, W3)=g (3) > O since g is
0

increasing at x = 3.

. Since 2(0) = 0, s a root of k. Now g is negative on the interval (0, 2) and positive on the interval (2, 5],

h is decreasing on the first interval and increasing on the second. Therefore, since h(2) < Qand A(5) > 0, A
must have a root in the interval [2, 5]. This implies that # has two roots in the interval [0, 5]-

6 i 6 6
.f(zr(z)+3)dz=zf .T‘(z)dz+3f dz=2-15-+3-(6—4) =36

. 68—[ (3f(x)+2)dx—3f f(x)dx+2[ dx—3f F(xydx +2 - 4. It follows that

3[ f@dz =60, sof flD)dz =20.

-3 1-
f h(w) dw = _f hw) diw = —(=2) =
1 “J=3

1 ore) du
1—(=1)

. _ . 4
The average value of k over the interval [—1, 1] is = i =2,
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-1 1 1
69. f h(z)dz:/ h(r)dr-f’ Auldu=-2-4=—¢§
-3 -3 -1

1
70. No. If & were an odd functien, f h(u) du = 0 would be tme.
-1

-2
71. (@ H(—-3)=-[ xedx > 0 . :
-3 =

-2
[NOTE: Since -3 <x < =2 == x¢* < O,f xe*dx < 0.]
-3
-2
(b) H(-2) =f xefdx =0
-2 .
) [
(c) H() =f xe¥dx <0
-2
[NOTE: xe* < Oforall x < Q.)

2
@ HQ) = j xe*dx > 0
S,
7 [NOTE: A quick look at the gr_qph of h(x) = xe* over the interval [—2, 2] makes it clear that

0 2 2 0 2
f xe* dx, < f xe* dx. Therefore, f xe*dx = f xe¥dx + f xe'dx > 0]
-2 0 -2 - Jda2 o

72. The mnmrmllm value ofh(x)-.xe over the interval [—2 l]1s-e . Therefore,
H(l)_f h(x)dx>[ (e l)dx—— -1, '

73. H'(w) = we™, s0 H'(1) = e.
74. "H"(w) = (we“’)’ = (1 + w)e®. Since H"(w) > 0 on the interval (—1, o0), H is concave up there.
3\ A 2 , T " 4
75. (—) Z (1 + 3;— is a right Riemann sum approximation to the integral f x2 dx. Therefore,
n : 1
k=1

b 2 4~ x3 4
o ()X (1+3%) = [ x24x=;] =1L
1

=1

76. Yes. Letxg = -1, xl——2/5 x2=1/5,x3=4/5, x4 =7/5, 25 =2, 4 = —1, 12_01‘3—1/2 14=1,
ts=2and f(x) = x Theux, 1<t,<xu,andx,—x,_.1_3/5foreachj—1 .5. Thus,

(5) . (_1 +0-f-2 +1+2) = gz_f(tj)is aRiemannsumapproximationtof xdx.
=1 !

. ‘ 2 x ) )
. 77. Since G(x) =f cos(wt?/4) dt = —f cos(wt?/4) dt, G'(x) = — cos(wx2/4). Therefore,
x . 2
G’(Z) =—=cos(m) = 1.

78. Letu =u(x) =Inx. Then du =x"1dx, u(l)=0,andu(e) = 1,5042 = f g(lnx) —dx —-f g(u) du.
0

Therefore, %f guydu =21 (e, K =1/2,a=0,b=1).
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79. Yes — it is L7, the left Riemann sum approximation of the integral f vx dx computed using n = 7 egual
subintervals (i.e., Ax = (5 — 3)/7 = 2/7):

6 .
%Z\B +2k/ =%(«/i+J3+2ﬁ'+J3+4/7+¢3+6/7
k=0

+/348/T+/3410/7+/3+ 12/7) .

80. lim Z,/4+5k/n—f J_dw—f v4+xdx=-?;—8.('rhesumisarightRiema:msum

=
approximation.)

1 4 . .
s1.f4(2h(z)—s)dz=—f (2h(z)—5)dz=-—-2-f h(z)dz+5f dz = -34+15 = —
' 1 - 1 . J1

3 3 : 3 '
‘82 /z(f(x) +1)dx =0 = f fx)dx = 5. Sincef xdx =572,
- -2

-2

3
f (fO) = x)dx = =5~ 5/2 = —15/2.

83. By examining a graph of sin(z?/2) over the interval [0, 31 and using the s1gned area interpretation of the
definite integral, one can see that —0.5 < 3$(0) < S(l) < 0.5 < 5(3) < §(2).

84. No — since sin(4?/2) = sin 8 ~ 0.98936 > 0, S(z) is mr:reasmg atz =2,

85. §'(z) = sin(z2/2) so §”(z) = zcos(z2/2). Therefore, §”(3) == 3 cos(9/2) ~ —0.632 < o This lmphes that
* 5(z) is concave down at z = 3.

86. §"(z) = zcos(z2/2) 50 §”(4) = 4cos(8) ~ —0.58200.

87. Using the signed area interpretation of the integral and a graph of the mtegrand it is clear that S(z) = 0 for
only one value of z in the interval [0, 5] (i.e.,at z= 1)

88. S attains its minimum value over the interval [0, 57 at z = Q. (Oh a finite interval, S'attains its extreme
values at an endpoint of the interval or at a root of §'(z) = sin(z?/2) that lies within the imerval )

89. The maximum value of § over the interval must occur at a stationary point of § or at an eudpomt of the
interval. Now, §’(z) = sin(z2/2) changes sign from positive to negative only atz = +/2rx and at z = +/6x,
so these are the only points in the interior of the interval [0, 5] at which the maximum value could occur.
Using the signed area interpretation of the definite integral, it is clear from a graph of the integrand that
S(O) <0< 5(5) < S(v6m ) < S(s/z_rr ). Thus, § attains its maximum value over the interval [0, 5] at

=2

, j:f sin(2/2) dt

: 1
90. The average value of sin(¢2/2) over the interval [4, 7] is 1 = 5(5(7) - S(4)) 2= —(.04488.

1 2
91.ff(t)dr=—f fioydt =—
2 1
2
92./ ft)dt =0
2

93. insufficient information is given
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