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tess, ' Wronskian W of y; and y; is nonzero. Under these circumstances y1 and y; form a
fundamental set of solutions and the general solution is

y=on @) + cy(0),

ton E B H
3 where ¢; and c; are arbitrary constants. If initial conditions are prescribed at a I
(16) 3 point in & < ¢ < B where W 3 0, then ¢; and ¢; can be chosen so as to satisfy these
' conditions.
The
£ so-
ause
1;1)11;? - PROBLEMS In each of Problems 1 through 6 find thé Wronskian of the given pair of functions.
* : 1. &2, e ¥ 2. cosz, sint ;
(17) ;,' 3. e, e 4. x, xef
. B/D 5. &sint, e cost 6. cos’d, 14 cos26
In each of Problems 7 through 12 determine the longest interval in which the given initial value
(18) problem is certain to have a unique twice differentiable solution. Do not attempt to find the
mor\ 8 2 solution.
T +3y=1, yl=1 yd)=2
m\da )aﬂ 8 (¢ — 1y’ -3ty +4y = sint, y(-2)=2, y'( 2)—~1
rm 9.t —Dy" +3p' +4y =2, y3) =0, y@) =
10. '+ (cost)y’ + 3ty =0, y@)=3, Y@= 1
(19) 11, (x —3y" In =0, D= =
: 50 Omg. - (x =3y +xy + (nlxy Y =0, yh=1
E 3 12. k=" +y + x—D(tanx)y =0, y@ =1, y@ =
c 13. Verify that y;() = and y,{(t) =17} are two solutions of the differential equation
£2y" —2y =0 for ¢ > 0. Then show that c;#2 + cpr™" is also a solution of this equation
HW P}’Ob’ems for any ¢; and c;.
E ¥ 14. Verify that y,(f) = 1 and y(f) = ¢/? are solutions of the differential equation
. 2 yy" + (¥)? =0 for ¢ > 0. Then show that c; + ¢,¢'/? is not, in general, a solution of this
ore, - See POWC” equation. Explain why this result does not contradict Theorem 3.2.2.
E- ‘ . 15. Show that if y = ¢(z) is a solution of the differential équation V' +p@)y + gty = gt),
(1)) k. ‘ where g(t) is not always zero, then y = c¢{¢), where ¢ is any constant other than 1,is nota
q‘gﬂ{[ W solution. Explain why this result does not contradict the remark following Theorem 3.2.2.
20) 4 j 16. Can y = sin(#?) be a solution on an interval containing ¢ = 0 of an equation

this ¥ + p@)y + g(®y = 0 with continuous coefficients? Explain your answer.

ntal : 17,
nost 4 %r PYD}J lg n/) 17. If the Wronskian W of f and g is 3¢*, and if f{r) = ¢¥, find g(2).

18. If the Wronskian W of f and g is £>¢, and if f (1) = £, find g(#).

19, If W(f,g) is the Wronskian of f and g, and if « = 2f ~ g,v = f + 2¢, find the Wronskian
3 nwn - W{u,v) of u and v in terms of W(f, g).
zral 4 20. If the Wronskian of f and gist cos? — sin#, and ifu = f + 3g,v = f — g,find the Wronskian
of w and v.

In each of Problems 21 and 22 find the fundamental set of solutions specified by Theorem 3.2.5
; for the given differential equation and initial point,

1in 3§ 21y +y —2y=0, =0

the  § 2.y +4y +3y=0, =1
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Chapter 3. Second Order Linear Equations

In each of Problems 23 through 26 verify that the functions y; and y; are solutions of the given

differential equation. Do they constitute a fundamental set of solutions?

23. v+ 4y =10 yi{f) =cos2t, y:(f) =sin2s

4.y =2y +y=0 ynO=¢€, nO=t ,

25, X%y ~x(x + 2y +@x+2y=0, x>0 Y =x, yi(x)=xe

26. (I —xcotx)y’ —xy' +y =0, O<x<m ) =x, y () =sinx

27. Consider the equation y' — y' — 2y = ()
(a) Show that yi(z) = ¢~ and y.(#) = €% form a fundamental set of solutions.
(b) Let y3() = —2€%, ya(t) = y1(8) + 2y2(9), and ys{t) =20 (6) — 2y3(1). Are y3(1), ya (),
and ys(r) also solutions of the given differential equation?
{c) Determine whether each of the following pairs form a fundamental set of solutions:
D), ya@1; Dvade), y3 @1 18, ya(®)]; [ya(®), ys (D1

28. Exact Equations. The equation P(x)y” + Q(x)y’ + R(x}y = 0 is said to be exact if it can
be written in the form [P(x)y') + [f(x)¥) = 0, where f(x) is to be determined in terms of
P(x), Q(x), and R(x). The latter equation can be integrated once immediately, resulting
in a first order linear equation for y that can be solved as in Section 2.1. By equating the
coefficients of the preceding equations and then eliminating f{x), show that a necessary
condition for exactness is P*(x) — Q'(x) + R(x) = 0. It can be shown that this is also a
sufficient condition.

In each of Problems 29 through 32 use the result of Problem 28 to determine whether the

given equation is exact. If so, solve the equation.

29. ¥y 4+xy +y=0 30, v+ 3% +xy =0

31 xy" — (cosx)y + (sinx)y =0, x>0 32 2y +xy—y=0, x>0

33. The Adjoint Equation. If a second order linear homogeneous equation is not exact, it
can be made exact by multiplying by an appropriate integrating factor p(x). Thus we
require that p(x) be such that u(x)P(x)y" + p(x)Qx)y" + w(x)R(x)y = 0 can be written

" in the form [u(x)P(x)y'T + [f(x}y]’ = 0. By equating coefficients in these two equations

and eliminating f(x), show that the function ;2 must satisfy

Pu"+ QP — O/ +(P"— Q' + R =0.

This equation is known as the adjoint of the original equation and is important in the
advanced theory of differential equations. In general, the problem of soiving the ad-
joint differential equation is as difficult as that of solving the original equation, so only
occasionally is it possible to find an integrating factor for a second order equation.

In each of Problems 34 through 36 use the result of Problem 33 to find the adjoint of the given

differential equation.

34. ¥y +xy' + (¢* — v}y =0,  Bessel’s equation

35, (1 -y — 2y +a(@+ 1)y =0, Legendre’s equation

36. y' - xy =0, Airy’s equation

37. For the second order linear equation P(x)y” + Q(x)y + R(x)y = 0, show that the adjoint
of the adjoint equation is the original equation.

38. A second order linear equation P(x)y” + Q(x}y' + R(x)y = 0 is said to be self-adjoint if
its adjoint is the same as the original equation. Show that a necessary condition for this

equation to be self-adjoint is that #'(x) = Q(x}. Determine whether each of the equations
in Problems 34 through 36 is self-adjoint.




