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Chapter 8: Symbolic Antidifferentiation Techniques

§8.4 Miscellaneous Antiderivatives
sinx 1

1. f x =
(3 + cosx)? 3 4-cosx
[substitution: w = 3 + cos x.]

+C.

2
1
2. f ¥ gr= i+ -2w+D+hlx+1+C
x+1 2
[substitution: u# = x + 1.]
| 23 1 2\6
3. | x(3+4x%) dx=E(3+4x ) +C.
[substitution: ¥ = 3 + 4x2.]
4 f dx | csinx + C
. | —=—== =arcsinx .
V1= x2
: X 3 2/3
5. f——-—dx:- 2+d)" +C.
_ IxT+4 4( )
[substitution: u = x* +4.]
; f dx f 3 1
") x(Bx-2) 23x—2) .2x
Inxy* , 1
7. f(“) dx = = (inlx)’ + C.
x 3
[substitution: ¥ =Inx.]
1
8. [ex sinxdx = Ee" (sinx —cosx) + C.

{integration by parts (twicg).]

ln_x_dx:
X

[substitution: u# = Inx] .

% (In|x))? + C.

2 4
10. fo +2dx = g(x +2)%% — g(x +2)¥* 4 C.

[substitution: u = x + 2.]

x D 2 x 2
1l == 11— dr==—=1 2|+ C.
! ,[3x+2 3[( 3x+2) x=3-ghBr+2+
12. Using integration by parts (with 4 = x and dv = cos x dx)

xcosxdx =xsinx +cosx + C.

[ ——
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) dx = (1.n|3x -21 —In \xl)/2+ C.




14

2

13.

15.

16.

I8.

19.

20.

21.

22,

w

Section 8.4 Miscellaneous Antiderivatives

f sin%(3x) cos(3x) dx = %sin3(3x) +C.

[substitution: u = sin(3x).]

1
fxe”dx = §e3" (x - %) + C.

[integration by parts: # = x, dv = €¥* dx.)

1
[Jce:”‘2 dx = 663"2 +C.

[substitution: u = 3x2.]

f dx larctan(2x)+C
I1+4x2 2

{substitution: ¥ = 2x.]

* 1
. f 2-30)0dx = ~§(2 30+

[substitution: ¥ = 2 — 3x,]

L
farctanxdx = x arctan x — Eln(l +xH+C.

[integration by parts: 4 = arctan x, dv = dx.]

sec? x
—————dx = 1In{3 4+t .
f3+tanx x=In|3+tanx|+C

[substitution: # = 3 4 tan x.]

[xsinxdx =sinx —xcosx + C.

[integration by parts: u = x, dv = sinx dx.]

oy : 1 1 ]
[partial fractions: c—pry = 5eony ~ 3p75

- 1 1
flenxdx = §x31n |x| — §x3 +C.

[integration by parts: 4 = Inx, dv = x*dx.]

2x +3 1 1 x
4x+5dx‘§f(1+4x+s) dr=qt

x+1 x 1 i
24, fmd.l’:f-x?—ﬁdx+f 2+1dx=—-ln(x +1)+arctanx+c
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Inpx =1 -3 Inlx+2/ = 31n ;‘+2

3

In{dx + 5|

8

v

+C.
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76 Chapter 8: Symbolic Antidifferentiation Techniques

25. dx = arcsin (e") ‘+ C.

| 7=

[substitution: u = €*.]

26. [—-—f—l-r—l—f——dx =—In(2 +cosx)+ C.
2+ cosx

[substitution: # = 2 4 cos x.]

27. flnxdx =x(lnx-1)+C.
[integration by parts: ¥ = Inx, dv = dx.]

28. f xcos (3x%) dx = %sin(3x2) +C.
[substitution: u =3x2]}

29. farcsiﬁxdx =xarcsinx++1—x2+C.
[integration by parts: « = ar.r-‘;—.;rlx', dv =dx.]

30. Letu = ./x. Then,

. 2
fidx=2f 2 du'=2f 1- ,1 du
I+x 14 u? 1+ u?

= 2u — 2arctanu = 2/% — 2arctan(v/%) + C.
o 1 . 1
X x + i @
31. — = --arctan +C. *
. fx2+2x+3,- J2 (ﬁ) .
[complete the square, substitution: x% +2x +3 = (x + 1P +2=u+2] El
7
32. f\/}_:__dx—-—(x— 2 +afx—2+C.
fsubstitution: u = x — 2.] ;
_1 4
33. f == arcsm 2x) + C. -
[substxtunon. = 2x.] j
%’ _ 2 2 ?

34. Tr = —-(l+x)——1n(1+x)+C

[substitution: u = 1 + x2.]

35. /tanxdx = —In|cosx]| + C.

{Write tanx = sin x/cos x, then use the substitution & = cos x.]
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Section 8.4 Miscellaneous Antiderivatives

36

37

38.

39.

41.

42,

43.

45.

. fcos(2x) dx = %sin(Zx) +C.

. fezx /l+exd'x=%(1+ex)5/2_§(l+ex)3/2+c.

[substitution: u = 1 4+ €*.]
d
f l_-.i-% =arctanx + C.
x )

Let u = (x + 1)/2. Then, du = jdx and
dx : du

N3 —2x —x? - v1-—u?

= arcsin u = arcsin (%(x + 1) +C.

. Using integration by parts with 4 = arcsin x and dv = x%dx,
- 1 1 x3
2 . 3 .
x“arcsin x dx = —x” arcsinx — -f dx.
.[ 3 3/ J1—x2
To find the remaining antiderivative, use the substitution w = 1 — x%:
x? 1 l—-w 1 dw 1
L dx=—i| ——dw=—= | =+~ | JWd
.[Jl-x?-x 2] w T2 ﬁ“%[ﬂw

1 .
= —ﬁ+ 3w3/2 +C=— /1 —x2 4 _21)._(1 _ I2)3/2 +C.

| 1 1 1
Therefore, fxz arcsin x dx = §x3 arcsin x + 3\/1 —x2- 6(1 x4,

mx)2 J w2 u In x|

1
fxarctanxdx = 5(12-{- 1)arctanx — ; +C.

[integration by parts: ¥ = arctan x, dv = x dx.]

fdx __j‘ dx _1]‘(1 l)dx
x2—4 J Gx—-2(3x+2) 4 3x -2 3x+42

= (In|3x —2| —In|3x +2[)/12+ C.

x+5 6 1
_— = - P 4 .
fx2+3x—4dx 5lnlJr: 1 511:||.\:+ |+ C
6

i S = R __1
[partial fractions: 3" = 3G T 6D J

3
f _._i:_ dx = —4/4 —x2 + % (4 -x3)"*+c.

[substitution (¥ = 4 — x?) or integration by parts (4 = x, dv = x/+/4 — x2dx).]
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Letu=]nx.Then,du=dx/xand[(—x—-— f u=-——-—.+C=—-—+C
x
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46,

47.

48.

49.

50.

51.

52.

53.

54.

- 55.

56,

Chapter 8: Symbolic Antidifferentiation Techniques

d .
* - pPec

3

[ 3]

x 1

1 1 1
Y _gx=ilfx+l+zlnlx—1=zh|?—1]+C.
_[(x—l)(x+1) x=gzinbet il g —1l=ginjd 1]+

H 5 . X — 1 1
[partial fractions: G315 = G+D + 55 1)']

1 .
fx3e‘2 dx = Ee"z(x2 -+ C.

[substitution (w = x2), then integration by parts (¥ = w, dv = ¥ dw).]

«/Q'-I-—x In|x+\/ +x2|+C

[trigonometric substitution: x = 3tan¢.]

1
fo—xz In|x|——ln|x-—21=§lnx_z‘-i-C.

[partial fractions: s = = = 5 + 5305-]

f X e 32 A —3x) - —Injl = 3x|+C
1—3x "~ 354 )Ty Mo e
1, 1

1
= ——x:— —x— —Inll = 3x|+C.
6 9 27 =31

[substitution (# = 1 — 3x) or partial fractioné.]

X 1
—* dx=————+C.
f (x%— 1)3 4(x2 - 1)2

[substitution: & = x* — 1.]

1
fe‘ezrdx=[e3‘dx= ;j—ea“-i—C.

fJ4x —3dx = %(4x -3 4+ C.

[substitution: u = 4x — 3.]

fln(l +x3dx = xIn(l + x*) — 2x + 2arctanx + C.

[integration by parts: # = In(1 + x%), dv = dx.]

f sin(4/x) dx = 2sin(v/x) — 2/ cos(+/x) + C.

[substitution (w = /), then integration by parts (x = w, dv sinwduw.]
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Section 8.4 Miscellaneous Antiderivatives

57.

58.
59.

60.

61.

62.

63.

65.

x2arcsin x

JEE

Using integration by parts [ xarcsinx dx =

the trigonometric substitution x = sint,

x? :
—_—dx =fsin2tdt= —gintcost +1)/2
fvl—xz ) ( )/

= (—xv1—x? + arcsin x)/2.

Thus,

xZarcsinx x4/l —x? arcsinx

arcsinx dx = - C.
fxarc.:smx x . > + 2 1 +

fﬁi 3 (3+x _x)dx=(lﬂ|x+31—ln|3—-xi)/6.

dx
Letu=2x+3.Then,f—-—— J2x+3+C.
JIx+3 2 f “/_

.[(4 x23/2 4./4 — x2+c

{trigonometric substitution: x = 2sint.]
Let u = 2x + 3. Then,
j‘ x d 1 j‘ u—-3 du 1 + 1
—_—d = - — —_— e — P
(2x +3)* 4 ut 8u?  4ud
: 1 4 1 - 2x+1
82x +3)2  4(2x+3)® 8(2x+3)

f xv2x + ldx = —(2x+ 1% — (2x+ 1)¥? 4+ C.

[substitution: & = + 1.]
tan x 1 .
f - dx = —=cos’x + C.
seccx 2
[Write s%:,f; = sin x cos x, then use substitution (4 = cos x).}

. f—-x——dx=%ln(16+9x2)+c.

16 + 9x?
[subsitution: 4 = 16 + 9x2]

f dx1=ln|1—e"\+C.

er —

[Write =— e, T = 1 “—=, then use subsitutionw. = 1 — e™*.]

—
Copyright © Houglsan Mifflin Compuny. Al rights reserved.
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80 . Chapter 8: Symbolic Antidifferentiation Techniques

dx
66. ~—— = —arcsin{l —x) 4+ C.
.[v’2x—x2 ¢ )

[Write 2x — x2 = 1 — (1 — x)?, then substitute ¥ = 1 = x.]

dx
67. fl+~/_.u2(1+~/‘)—21n(1+\/_)+c
[subsitution: u = 1 + ,/x.]

xdx 1
68. o 1) 2(x2 " l) ln(x +D+C.

[substitution u = x% + 1.]

1
69. fxz In(3x)dx = -3»Jc3 In(3x) — -;-x3 +C.

[integratibn by parts: 4 = In(3x), dv = x2dx.)

x 1 2x?
70. dx = —arctan{ — | + C.
f9+4x4 xr 12arc n( 3 )+

71. fflnxdx——x3/2|n|x[ 3/2+C

[integration by parts: ¥ = In x, dv = Jxdx]

72. fxseczxdx = xtanx + In|cosx| + C.

[integration by parts: u = x, dv = sec? x dx.]

T 7-x : R T
"] GamEy © T A s e g T D+ C
1—x

. R =1l 4 2
[partial fractions:. ey = T

X x+6 1 :
74, =] 1 t 2) — =In(x*+4)+C.

f(x+l) (i a & = bt it arctantx/2) = 5167+ 4) +
X+6

[partial fractlons e = _i_ 4 2—; 1

1 I 1
75. fxsinzxcosxdx = gxsin3x+ Ecosx - §c033x

! '3x+1s'n2 cosx+2cos +C
= -~X SIn = 51 X - X .
73 3 9
2

[integration by parts with u = x and dv = sin® x cos x dx.]
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Section 8.4 Miscellaneous Antiderivatives ‘ 81

76. Letu = sinx. Then, du = cosx dx and

f sin® x cos® x dx = f sin’ x cos? x cos x dx = f sin’ x(1 — sin® x) cos x dx

=fsin3xcosxdx—fsin5xcosxdx=/u3du——fu5du

L4 _ 1,6 == lain*x — Llginfx 4+
i 2 +C = gsin’x 651_nx+C._

dx 1 2
77. fx3+x=lnlxl——2-in(x +hH+C.
1

: TR SR
[partlal fractions: oy =y — 7]
| 1
78. ftan‘xdx = é'taﬂsx —tanx +x + C.

3

1 ' '
79. f(xz+2x+3) dx=Z(x-{-1)(x2.+2x+3)3’2+%(x+1) x2+2x+3 4+

3 JEE+2x+3 x+1
=In + +C.
2 V2 V2 |

[Write x2 4+ 2x +3 = (x + 1)* +2, then use a trigonometric substitution (x + 1 = V2tan).]
- 1 :
80. f sin(3x) cos{(5x)dx = %cos(Zx) “T6 cos(8x) + C.
' [Write sin(3x) cos(5x) = Lsin(8x) — Lsin(2x)]

81. Letu = +/1 + e*. Then,

f«/l-s-_e‘di=2[ “

u -1

2
)du

du:Z/(l+
1

1
__=2[(1_ TeES VR TrIey
=2u~Inlu+1]+Infu—1|

—2/TF e - [VTFe +1|+n|vVITe-1|+cC

u —1

dx 3
82. | ————= = —+5= — 3arctan(¥ C.
[ x (x + %) Ix aretan(/x) +
[substitution (« = x'/%), then partial fractions (-l = & — 747

dx 1 o1 2 1 2x —1
. = - — - — arctan +C
83‘ fx3+1 Fix+1| 61n|x x+1|+\/§arcl ( 7 )

[Write x* + 1 = (x + )(x* —x + 1) = (x + 1) - ((2x — 1)*> + 3) /4, then use partial
fractions, etc.] ‘ : '
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84 f dx L 1 1 + 1 _ 1 .
"o —e)? 4\l 11— ) 2-2ex
[Write {e* — ¢7) T e (e* - 1)—2 = (€¥)} (¢" — 1)"% (¢* + 1), then use substitution
(4 = €%) and partial fractions.] :
1
85. fxtanzxdx =xtanx — -2-x2 —In|secx| + C.

[integration by parts: = x, dv = tan® x dx.)

86. /cossxdx = §inx — %sinf’x +C.

[Write cos® x = cos x cos x = cos x — cos x sin” x, then use the substitution # = sin x.]

1 1
87. fsinx sin(2x) dx = 3 sinx — ¢ sin(3x) + C,
[Write sin x sin(2x) = 3 cosx — { cos(3x).]

1 .4

. l .
88. fsmsxcoszx dx = 7sxnﬁxcosx - §5m 2

cos 4 sin“ x cos 8 cosx+C
X X — —— §1n X - — .
105 )

105
[Write cos?x = 1 — sin’® x, then use a reduction formula.)
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