Probability (Math 336) - Final

Fall 2002 - Hartlaub
Complete all of the questions below.  Please remember the ground rules we discussed in class.  You may use your notes and consult any reference books that you want.  However, you may NOT discuss these problems or your solutions with anyone else.  Good luck and Happy Holidays!

1.  Let X be a discrete random variable with p.d.f.


[image: image1.wmf],1,2,3

()

0,

cxx

fx

elsewhere

=

ì

=

í

î


Find

a. the constant c;  (5)

b. P(.5<X<2);  (5)

c. P(X=2|X
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2);  (5)

d. the moment generating function of X;  (5)

e. E[X], using (d).  (5)

2.  Let X and Y be discrete random variables with joint p.d.f.
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a. Find the marginal distribution of Y.  (10)

b. Find the conditional distribution of X given Y = y.  (10)

c. From b deduce the value of E[X|Y=y].  (5)

d. Using iterated conditional expectation, find E[X].  (10)

3.  Suppose that X is a continuous random variable with p.d.f.
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a. Find the median of this distribution.  (5)

b. The interquartile range is defined to be Q3 - Q1 where Q1 = first quartile and Q3 = third quartile.  Find the quartiles and use them to find the interquartile range.  (10)

c. Find the p.d.f. and c.d.f. of Y = X2.  (15)

4.  Find the numerical value for the sum 
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.  (10)

5.  Pascal’s triangle gives a method for calculating the binomial coefficients; it begins as follows:

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

.  .  .  .  .  .  .
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The nth row of this triangle gives the coefficients for 
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.  To find an entry in the table other than 1 on the boundary, add the two nearest numbers in the row directly above.

a. Find the 6th and 7th rows of Pascal’s triangle.  (10)

b. Prove that 
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.  This equation explains why Pascal’s triangle works.  (15)

6.  Let X be a continuous random variable with p.d.f. 
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a. Find the c.d.f. of X.  (10)

b. Find the 32nd percentile.  (5)

c. Find the expected value of X.  (5)

7.  If the moment generating function of X is 
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, find the mean, variance, and p.d.f. of X.  (15)

8.  Suppose that 2000 points are selected independently and at random from the unit square 
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.  Let W equal the number of points that fall in 
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.  Identify the distribution, mean, and variance of W.  (15)

9.  Let X be a random variable having a normal distribution with mean 
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 and standard deviation 
[image: image13.wmf]s

 and let 
[image: image14.wmf]2

YX

=

.

a. Find the m.g.f. of X.  (10)

b. Find the covariance of X and Y.  [Hint:  You may want to use the m.g.f.]  (10)

c. Show that if X has a standard normal distribution, then 
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 even though X and Y are not independent.  (5)

10.  Consider two events A and B with 
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.  Determine the maximum and minimum possible values of 
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 and state the conditions under which each of these values is attained.  (15)

11.  Suppose U is uniformly distributed over the interval (0, 1).

a. Find the p.d.f. of 
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b. Find the variance of Y.  (5)

c. Consider an average 
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 of n independent random variables each uniformly distributed on (0, 1).  Find n so that 
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 is approximately 95%.  (15)

12.  Five cards are dealt from a standard deck of 52 cards.  Find the following probabilities:

a. The probability that the third card is a Queen.  (5)

b. The probability that the third card is a Queen, given that the last two cards are not Queens.  (5)

c. The probability that all cards are of the same suit.  (5)

d. The probability of two or more Queens.  (5)

13.  Suppose that Y has the gamma distribution with parameters 
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 and 
[image: image23.wmf]b

.  The p.d.f. of Y is 
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a. Find the mean of Y.  (5)

b. Find the variance of Y.  (5)

c. Find
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14.  Suppose component lifetimes are exponentially distributed with a mean of 5 hours.

a. Find the probability that a component survives 7 hours.  (5)

b. Find the probability that a component survives less than 7 hours.  (5)

c. Find the median component lifetime.  (5)

d. Find the probability that the average lifetime of 2 independent components exceeds 8 hours.  (10)

15.  Suppose that earthquakes (both minor and major) occur in the western portion of the United States in accordance with a Poisson process at a rate of 2 per week.

a. Find the probability that at least 3 earthquakes will occur during the next 2-week period.  (5)

b. Find the probability distribution of the time, starting from now, until the next earthquake.  One way to do this is to let X denote the amount of time (in weeks) until the next earthquake, find the probability that X will be greater than t, and then use the complement rule to identify the c.d.f.  (10)

16.  A computer science student is interested in simulating the shuffling of 10 playing cards.  Essentially the problem requires the random ordering of the digits {0, 1, …, 9}.  A random number generator can be used to obtain this ordering.  If we think of this random number generator as a 10-sided die, what is the expected number of times that this “die” must be cast in order to obtain a random ordering?  You may want to write the random variable of interest as the sum of 10 independent geometric random variables.  (20)

17.  Some biology students were checking the eye color for a large number of fruit flies.  For an individual fly, suppose that the probability of white eyes is ¼ and the probability of red eyes is ¾ and the flies may be treated as independent Bernoulli trials.

a. What is the probability that exactly four flies must be observed to see one with white eyes?  (5)

b. What is the probability that at least four flies have to be checked for eye color to observe a white-eyed fly?  (5)

c. The biology students are told to examine flies until they find 3 with white eyes by their lab instructor.  What is the probability of observing the third white-eyed fruit fly on the thirteenth trial?  (5)

18. Let X(1), …, X(n) represent the order statistics for a random sample of size n from the Uniform
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a. Find the p.d.f. of X(2).  (10)

b. Find the probability that X(2) is less than 
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c. Find the c.d.f. of X(2).  (10)
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