Probability (Math 336) - Final

Fall 2007 - Hartlaub
Complete all of the questions below.  You may use the properties and results we have proven in class and in homework exercises without proof, unless the problem specifically asks for a proof of a particular result.  The point values for each part are provided in parentheses.  Good luck and Happy Holidays!

1.
An auditor samples 100 of a firm’s travel vouchers to ascertain what percentage of the whole set of vouchers are improperly documented.  What is the approximate probability that more than 30% of the sampled vouchers are improperly documented if, in fact, only 20% of all the vouchers are improperly documented?  If you were the auditor and observed more than 30% with improper documentation, what would you conclude about the firm’s claim that only 20% suffered from improper documentation?  Why?  (20)

2. 
Consider a random walk where you start at the origin.  On each step, you will move one unit to the left or one unit to the right with equal probability.
a. 
Let 
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denote the random variable which records the direction of each step.  Specify the probability distribution for 
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.  (5)

b.
Find the mean and standard deviation of 
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.  (6)

c.
Identify a new random variable which records the number of steps you are East of the origin after n steps.  What is the approximate distribution of this new random variable?  (15).

d.
What is the approximate probability that Bob is within one unit of his starting point after 20 steps?   40 steps?  (10).
3.
What is the smallest number of people needed to ensure that the probability of at least two having the same birthday exceeds 75%?  (15)
4. 
The percentage of impurities per batch in a chemical product is a random variable 
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with density function 
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A batch with more than 40% impurities cannot be sold.  What is the probability that a randomly selected batch cannot be sold because of excessive impurities?  (10)

5.
Proper blending of fine and course powders prior to copper sintering is essential for uniformity in the finished product.  One way to check the homogeneity of the blend is to select many small samples of the blended powders and measure the proportion of the total weight contributed by the fine powders in each.  These measurements should be relatively stable if a homogenous blend has been obtained.  Suppose that the proportion of total weight contributed by the fine powders has the following probability distribution
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a.
Find the mean and variance of the proportion of weight contributed by the fine powders when 
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.  (6)
b.
Repeat (a) with 
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c.
Repeat (a) with 
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d.
Which of the cases (a), (b), or (c), yields the most homogeneous blending?  Explain.  (10)

6.
Consider the following game:  a player throws a fair die repeatedly until he rolls a 2, 3, 4, 5, or 6.  In other words, the player continues to throw the die as long as she rolls 1s.  When she rolls a “non-1,” she stops.
a.
What is the probability that the player tosses the die exactly three times?  (5)

b.
What is the expected number of rolls needed to obtain the first non-1?  (5)

c.
If she rolls a non-1 on the first throw, the player is paid $1.  Otherwise, the payoff is doubled for each 1 that the player rolls before rolling a non-1.  Thus, the player is paid $2 if she rolls a 1 followed by a non1; $4 if she rolls two 1s followed by a non-1; $8 if she rolls three 1s followed by a non-1; etc.  In general, if we let 
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be the number of throws needed to obtain the first non-1, then the player rolls 
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 1s before rolling her first non-1, and she is paid 
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 dollars.  What is the expected amount paid to the player?  (10)

7.
Because 
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 has the properties of a distribution function, its derivative will have the properties of a probability density function.  This derivative is given by
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.  We can thus find the expected value of 
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, given that 
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is greater than c, by using 
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a.
If 
[image: image18.wmf],
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 the length of life of an electronic component, has an exponential distribution with mean 100 hours, find the expected value of 
[image: image19.wmf],
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 given that this component already has been in use for 50 hours.  (15)
b.
Is the calculation in part (a) based on the Memoryless Property of the Exponential Distribution or will the method of calculating the condition expectation work for any distribution?  Provide a short justification for your response.  (10)

8.
An experimenter is comparing two methods for removing bacteria colonies from processed luncheon meats.  After treating some samples by method A and other identical samples by method B, the experimenter selects a 2-cm3 subsample from each sample and makes bacteria colony counts on these subsamples.  Let 
[image: image20.wmf]X

denote the total count for the subsamples treated by method A, and let 
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denote the total count for the subsamples treated by method B.  Assume that 
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and 
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are independent Poisson random variable with means 
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and 
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.  If 
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exceeds 
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by more than 10, method B will be judged to be superior to A.  Suppose that in fact, 
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.  Find the approximate probability that method B will be judged superior to method A.  (15)
9.
Assume that there are nine parking spaces next to one another in a parking lot.  Nine cars need to be parked by an attendant.  Three of the cars are expensive sports cars, three are large domestic cars, and three are imported compacts.  Assuming that the attendant parks the cars at random, what is the probability that the three expensive sports cars are parked adjacent to one another?  (15)

10.
When commercial aircraft are inspected, wing cracks are reported as nonexistent, detectable, or critical.  The history of a particular fleet indicates that 70% of the planes inspected have no wing cracks, 25% have detectable wing cracks, and 5% have critical wing cracks.  Five planes are randomly selected.  Find the probability that
a.
one has a critical crack, two have detectable cracks, and two have no cracks.  (10)

b.
at least one plane has critical cracks.  (10)

11.
A manufacturer of floor wax has developed two new brands, A and B, which he wishes to subject a homowners’ evaluation to determine which of the two is superior.  Both waxes, A and B, are applied to floor surfaces in each of 15 homes.  Assume that there is actually no difference in the quality of the brands.
a.
What is the probability that 10 or more homeowners would state a preference for brand A?  (10)

b.
What is the probability that 10 or more homeowners would state a preference for either brand A or brand B?  (10)

12.
Of the travelers arriving at a small airport, 60% fly on major airlines, 30% fly on privately owned planes, and the remainder fly on commercially owned planes not belonging to a major airline.  Of those traveling on major airlines, 50% are traveling for business reasons, whereas 60% of those arriving on private planes and 90% of those arriving on other commercially owned planes are traveling for business reasons.  Suppose that we randomly select one person arriving at this airport.  What is the probability that the person

a.
is traveling on business?  (5)

b.
is traveling for business on a privately owned plane?  (5)

c.
arrived on a privately owned plane, given that the person is traveling for business reasons?  (5)

d.
is traveling on business, given that the person is flying on a commercially owned plane?  (5)
13.
Suppose that 2000 points are selected independently and at random from the unit square 
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a.
Identify the probability distribution of the random variable W.  (5)
b.
Give the mean, variance, and standard deviation of W.  (10)


14.
A recent survey of 80 students administered at Kenyon found the average age of a student’s first kiss was 13.2 years, with a standard deviation of 2.44 years.  Find a 95% confidence interval for the population standard deviation of the age of a Kenyon student’s first kiss.  (15)
15.
A system has the following p.d.f. for its effective lifetime T:
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a. Find the reliability function 
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b. Find 
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c. Find the hazard function 
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 and comment on whether it increases or decreases.  (10)
16.
Suppose that X has c.d.f. 
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 for x>1.
a.
Find the mean and median of X.  (10)

b.
Show that 
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 has an exponential distribution.  (10)

17.
Show that if X is a continuous random variable with c.d.f. F(x), then 
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is uniformly distributed over 0 < y < 1.  (15)
18.
Let 
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 be a random sample of size 3 from a distribution having p.d.f. 
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 zero elsewhere.  Let 
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be the largest item in the sample.  Find the c.d.f. and p.d.f. of Y.  (15)

19.
Suppose that X has a Laplace distribution with mean 0 and variance 1.  

a.
Find 
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b.
Is the probability in part (a) larger than, smaller than, or equal to 
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.  Explain.  (10)
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