Limits of Functions of Two Variables

Before we discuss limits of functions of two vatied) let us review the notion of limits in the dmgariable
context. Recall that the limit of a functié(x) at a pointa exists if lim f(X) = lim f(X) =L for some real
X-a X—a

numberL. Hence, to determine whether or tion f (X) exists, we simply compute the limit from the lefid
X—a

the limit from the right, and then check to sethé two limits are equal. If either of the limftsls to exist or if
they exist but are not equal, then the lifivin f (X) does not exist.
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Figure 1. a) The limit does not exist at= a because the limit from the left does not equalithé from the
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right. b) The limit does not exist at a because the limit from the left does not exigt. Tbe limit atx =
a does exist in this case. The limits from the #aftl right exist, and they are equal.

Limits of functions of two variables are definedwenuch like functions of one variable. Howeveg tdditional
dimension can sometimes lead to unexpected resdtgou will soon see, the interesting behavicsesibecause

there are infinitely many different ways to apptoacpoint in the plane. In order for the Iin(1it|)irrg o f(xy)
X,y)-(a,

to exist, the limitsalong all possible pathsinto (@, b) must exist and be equal
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Figure 2. a) There are only two paths of approach whemtattie limit of a function of one variable. b)
There are infinitely many ways to approach a painén considering limits of functions of two (or redr

variables.
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Example 1 (A Pathological Example).
2 _\,2

X
As our first example, we consider the functfog y) = ?yz , (X,¥) £ (0,0). Thisis a good example to
Xot+y

consider because of the quirky behavior exhibiteal the origin. Open the Maple filamits.mw, and take a

look at the plot of the surfa@e=f (X, y) together with its contour diagram. Then examhelimits along selected

pathways into (0, 0) as demonstrated in the flmally, compute (by hand) the Iim(it I)irrgO . f(x y) alongthe
X,¥)- (0,

line y = mx, treatingm as a constant. What does your computation inglfchat do you conclude about the

limit lim f(xy)?
(xy)- (0,0 )

The strange behavior exhibited by the functiorhim previous example is not typical of the sortRiattions that tend
to arise in practice. Nonetheless, we examinehtgagical’ examples like the one above, becausgdhe invaluable
in clarifying the concept of a limit. A more typicsituation is illustrated by the “straightforwaekample below.

Example 2 (A Straightforward Example)

Consider the functiog(x, y) obtained by adding one to the denominator ofdihetionf(x, y) defined in the
2 2

previous example. That ig(x, y) = x2+—y2+1

function that is well-defined at the origin. Examithe limit of theg(x, y) at the origin by working through

Example 2 oLimits.mw. Then comput(? I)irrg0 0 g(x, y) along the lingg= mxby hand. What can you
x,¥)- (0,

Note that this seemingly small changé(xpy) creates a

conclude from your computation?
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Example 3Consider the functionf(x, y) = % and its limit at the origin. What limit do you gétyou
Xty
approach the origin along straight lines mx? What if you approach the origin along parabolasfiatiNesson

do you learn from this example?

3x° Oy

X2+y2

Example 4 Consider the functionf(x, y) = at the origin. Determine the limit along the gifdilines to

the origin, as well as parabolas. What can you lcolecabout this limit?
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Defining the Limit Rigorously...

What does it mean forf(x, y) to have a limit at @, b)?

The functionf has a limitL at a point 4, b), Written( I)lm( ) f(xy), if the difference| f(xy)- L| is as small as
X,Y) - (a,

we wish whenever the distance from the poiny) to the point 4, b) is sufficiently small, but not zero.

How do we say this formally?

The functionf has a limitL at a point &, b), written ( I)lrrz ) f(x,y), if whenevere >0 is given, there exists a
x,y)-(a,

numberd >0 such thai f (x, y) — L| <& whenever 0 < disti(y), (a, b)) <d.

The Geometric Formulation:

Whatever positivee may be given, when the horizontal plagesL + £ andz=L - £ are drawn:

then it must be possible to find a numlZer 0 such that between these planes you will findhedifoints of the
graph which are vertically aligned with the diskfiexy-plane having center(b) and radiuso .

Remark. In the graph above we are considering the limtheffunctionz =f(x, y) as ¥, y) approaches (0, 0).
The limitL appears to be 1. The given appears to be approximately 0.3L # 1, then we should be able to
find a & > 0 such that all points, yo) within the circle of radiu® centered at (0, 0) will have a corresponding
z-valuef(xq, Yo) that falls between the two planes L + £ andz=L - €.

Which J appears to work in the surface pictured abovehfergiven epsilon?

Exercise:Use the formal definition to rigorously prove thia¢ limit in the previous example is 0.
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