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Abstract. FC-normal logic programs are a generalization by Marek, Nerode, and Remmel of Re-
iter’s normal default theories. They have the property that, unlike most logic programs, they are
guaranteed to have simple stable models. In this paper it is shown that the problem of skeptical rea-
soning in FC-normal programs isΠ1

1-complete, the same complexity as for logic programs without
the restriction of FC-normality.

FC-normal programs are defined in such a way as to make testing a program for FC-normality
very difficult in general. A large subclass of FC-normal programs,locally FC-normal programs, is
defined, shown to be recursive, and shown to have skeptical consequence as expressive as the entire
class of FC-normal programs.

1. Introduction

FC-normal logic programs were introduced by Marek, Nerode, and Remmel in [12] as a way to general-
ize the idea of normality in default logic in such a way that it could be brought to bear on logic programs.
In general, the problem of discovering stable models of logic programs (and that of discovering exten-
sions of default logics) is quite difficult. In [16], Reiter introducednormal default logics, which were
guaranteed to have extensions, one for each ordering of the rules of the default theory (with possible
redundancy). (Normal defaultsare rules which have as their only restraint that adding the conclusion not
lead to an inconsistency.) FC-normal logic programs share this property, in that there is a stable model of
an FC-normal logic programP for each ordering of the clauses ofground(P ) (the ground instances of
clauses ofP ), again with possible redundancy. The “FC” comes from the Forward Chaining Construc-
tion of [12] which takes as input an ordering of clauses ofground(P ) and yields a stable model by a
deterministic monotone procedure.

In [12], it was shown that if an FC-normal logic programP is computable, thenP must have a stable
model computably enumerable in0′, the Turing degree of the halting problem. (Each step of the forward
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chaining construction requires closing under a Horn program, which can be done with a0′ oracle.) It
was also shown in [13] that this bound is tight, in that for any set c.e. in0′ there is an FC-normal program
which has that set as its unique stable model.

We noted that the general problem of finding stable models is quite difficult, and this can be made
more precise. The set of codes of finite predicate logic programs which possess no stable model is, for
example,Π1

1-complete. (That is, it is at the same level of the computability hierarchy as the set of codes
of finite-path countably-branching trees.) Armed with this result, it is easy to show that the set of ground
atomic formulas common to all stable models of a given logic program is also, in general,Π1

1-complete.
(This set is known as the set ofskeptical consequencesof the program.)

Given a computable FC-normal logic program, we know that it has at least one stable model, but we
will show in this paper that the problem of finding the set of skeptical consequences an FC-normal logic
program is stillΠ1

1-hard, even for a very restricted class of FC-normal programs. We work with this
restricted class (locally FC-normal programs) because, in general, determining whether a given program
is FC-normal turns out to be almost inconceivably incomputable. The set of locally FC-normal programs
is, on the other hand, onlyΠ0

1.
We will begin with a brief exposition of logic programming. The following section of the paper

formally introduces the forward chaining construction, FC-normal logic programs, and some restricted
types of FC-normal programs. The last major section will consist largely of the main theorem and its
proof, that there are locally FC-normal logic programs for which skeptical reasoning is as hard as it
possibly could be.

2. Review of Logic Programming Ideas

We will assume that the reader has some familiarity with logic programming, and so will move through
basic definitions and results quickly. There are many sources for a more thorough background in logic
programming, including [1] and [8]. With the exception of a few theorems, almost all of the text of this
section will be used to define terminology, so we will not set definitions apart from the general text in
this section.

2.1. Normal Predicate Logic Programs and Stable Models

Let us begin by assuming a fixed languageL consisting of predicate letters, function symbols, variables,
and constants. Aground termof L is a term composed only of constants and function symbols. Aground
atomic statementis an atomic formula in which each of the arguments is a ground term. We will refer to
the collection of all ground atomic statements ofL as theHerbrand baseof L, and denote it byBL.

A Horn program clause(or Horn clause) is an expression of the form

c← a1, . . . , am

wherea1, . . . , am, c are all atomic formulas ofL. (If m = 0, we refer to the clause as anaxiom.) The
clause is calledground if a1, . . . , am, c are all ground atomic statements. Adefinite logic programor
Horn programis a collection of Horn clauses. One of the basic facts of logic programming is that each
Horn program has a least model in the Herbrand base, obtained as the least fixed point of an operator
representing one-step deduction. (The termmodelwill be formally defined shortly, but in brief, a subset
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of the collection of ground atomic statements ofL is a model of the above clause if whenever it contains
theai’s, it also containsc. It is a model of the program if it is a model of every clause of the program.)

A program clauseis an expression of the form

c← a1, . . . , am, not b1, . . . , not bn

wherea1, . . . , am, b1, . . . , bn, c are all atomic formulas ofL. (m,n ≥ 0.) As for Horn clauses, a clause
will be calledground if a1, . . . , am, b1, . . . , bn, c are all ground atomic statements. We will refer toc as
theheadof the clause and to

a1, . . . , am, not b1, . . . , not bn

as thebodyof the clause. Theai’s are thepremisesof the clause, and thebj ’s are therestraintsof the
clause. Alogic programis a collection of normal program clauses. (These are sometimes callednormal
logic programs, but we will not use this terminology so as to avoid confusion with FC-normal logic
programs.)

The wordspredicateandpropositionalcan be used to modify any of the above notions of clause
and program, to distinguish between the normal case and the special case in whichL consists only of
0-ary predicates, orpropositions. If L is a propositional language, we can speak ofpropositional Horn
programs, for example.

A ground instance of a (predicate) clause is a clause obtained by substituting ground terms for all
variables in the clause. (Of course, this must be done uniformly within the clause.) The set of all ground
instances of all clauses of a predicate programP is called thegroundingof P , denotedground(P ). We
are now in a position to define the termmodel(as it applies to Horn programs) more precisely. A subset
M of the Herbrand base is called amodelof Horn programP if for each clausec ← a1, . . . , am of
ground(P ) we havec ∈M whenever{a1, . . . , am} ⊆M .)

In general, we do not assume thatL, the underlying language of a program, is fixed or known. It is
worth noting, then, that if one codes clauses ofground(P ) as numbers, then we can not conclude from
the computability of the set of codes of members ofground(P ) thatL or the Herbrand base ofL is also
computable (only that it is computably enumerable). However, when we refer to acomputable program
in this paper, we will mean both that the set of codes of members ofground(P ) is computable and that
the Herbrand base ofL is computable.

While the interpretation of Horn programs is well-understood and not controversial, the best inter-
pretation of logic programs continues to be the subject of debate. We will be concentrating exclusively
on one such interpretation in this paper, thestable model semanticsfor logic programs, due to Gelfond
and Lifschitz ([4]). This idea is closely related to the notion of stable expansion in autoepistemic logic
([15]) and to the notion of extension in both default logics ([16]) and nonmonotone rule systems ([9]).

The idea of a stable model of a normal programP is that we tentatively assume some subsetM of
the Herbrand base as context, and use that to determine which clauses ofground(P ) are relevant in that
context. (Relevant in thatM does not violate any of the constraints of that clause.) We then eliminate
irrelevant clauses and strip the restraints of the relevant ones, leaving us with a Horn program. If the
unique minimal model of this Horn program happens to beM itself, our provisionally assumed context,
thenM has shown itself to be a stable model ofP .

More formally, we will call a clause

c← a1, . . . , am, not b1, . . . , not bn
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of ground(P ) M -applicableif {b1, . . . , bn} ∩M = ∅. Thereductof an applicable clause

c← a1, . . . , am, not b1, . . . , not bn

is
c← a1, . . . , am.

The set of reducts ofM -applicable clauses ofground(P ) is called theGelfond-Lifschitz reduct ofP with
respect toM , denotedGL(M,P ). For any programP , GL(M,P ) is a ground Horn program, and so
has a least model. IfM is the least model ofGL(M,P ), then we callM astable modelof P .

In general, a program can have no stable models, one stable model, or many stable models. Deter-
mining which of these is the case can be very difficult.

Theorem 2.1. (Marek, Nerode, and Remmel, [11])
The set of computable programs which have no stable models isΠ1

1-complete.

Another question which can be asked about the stable models of a program is: “Is ground atomic
statementa a member of every stable model ofP?” The set of ground atomic statements which are
members of every stable model ofP is called the set ofskeptical consequencesof P ; and finding the
skeptical consequences of a given program is also very difficult.

Theorem 2.2. (Marek, Nerode, and Remmel, [11])
The set of pairs〈a, P 〉 whereP is a computable program anda is a skeptical consequence ofP is
Π1

1-complete.

2.2. Logic Programming with Classical Negation

If we extend our language with the single unary connective¬, allowing atomic formulas and negated
atomic formulas (together referred to asliterals), we can definelogic programming with classical nega-
tion. (This idea is also due to Gelfond and Lifschitz ([5]).)

A CN-clauseis an expression of the form

c← a1, . . . , am, not b1, . . . , not bn

wherea1, . . . , am, b1, . . . , bn, c (m,n ≥ 0) are all literals ofL. A CN-programis a set of CN-clauses.
The analogues of Horn programs,not-free CN-programs, also have least models (in some sense of

the word), but we will have to work a little harder to define them. Our baseLitL will now contain ground
literals, not only ground atomic statements. We will call a subsetM of LitL closed under a ground
not-free CN-clause

c← a1, . . . , am

if either

• M = LitL, or

• M is consistent (that is,M does not containa and¬a for any atomic statementa) and whenever
{a1, . . . , am} ⊆M we also havec ∈M .
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Of course, we will say thatM is closed undernot-free CN-programP if M is closed under each
CN-clause ofground(P ). Gelfond and Lifschitz showed that, just as there is a least Herbrand model for
a Horn program, for everynot-free CN-programP there is a least subset ofLitL closed underP , called
ananswer setof P .

The definition of the Gelfond-Lifschitz reductGL(M,P ) can be extended to CN-programs in the
obvious way, and we can define a notion very similar to that of stable model. A subsetM of LitL is a
stable answer setof a CN-programP if M is the least subset ofLitL closed underGL(M,P ). Skeptical
consequence for CN-programs can be defined just as for logic programs, and the results of [11] cited
above carry over to CN-programs.

3. FC-Normal Logic Programs

3.1. General Case

In [12], Marek, Nerode, and Remmel defined a class of logic programs designed to be analogous to nor-
mal default logics ([16]), sharing their most important properties. Because a process called the “forward
chaining” procedure is guaranteed to lead to stable models of programs in the class defined by Marek,
Nerode, and Remmel, they are calledFC-normal. We will present a brief description of the forward
chaining procedure, but most of the details are not particularly important to this paper, and the reader is
referred to [12] and [14] for a more complete presentation.

One aspect of the process will be important in defining FC-normal logic programs, however; that
being the notion ofmonotonic closure. Logic programs under stable model semantics behave nonmono-
tonically; that is, if we add axioms to a program, we mayloseconclusions because the newly added or
derived information may violate restraints of a previously applicable clause. In contrast, Horn programs
are monotonic, in that adding axioms never causes us to have fewer conclusions than before. For this
reason, we will separate a logic programP into its Horn and non-Horn portions. We will call the set
of Horn clauses ofground(P ) themonotonic portion ofP , denotedmon(P ); and by thenonmonotonic
portion ofP , we will meanground(P ) \mon(P ), which will be denotednmon(P ).

Our principal use of the above distinctions will be to define monotonic closure, which will be de-
ductive closure undermon(P ). The subprogrammon(P ) is Horn by definition, and as such has a least
Herbrand model. But more generally ifI is any subset of the Herbrand base of the language, Horn pro-
grams have least models containingI. (One can think of the least model of the Horn program augmented
with axiomsa ← for eacha ∈ I.) Themonotonic closurewith respect to a programP of a subsetI of
the Herbrand base will be the least model ofmon(P ) which containsI. We will denote the monotonic
closure ofI by Clmon(I).

Similar notions can be defined for CN-programs. IfP is a CN-program,mon(P ) is the set ofnot-
free CN-clauses ofground(P ), andClmon(I) is the least subset ofLitL containingI and closed under
mon(P ).

To define FC-normal logic programs, we will need one more preliminary definition, but let us first
motivate that preliminary definition with a brief description of the forward chaining procedure for gen-
erating stable models of a countable FC-normal logic programP . (The definition of FC-normal will
be roughly “possessing the properties which insure that the forward chaining procedure yields a stable
model.”)
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The forward chaining procedure will depend on first choosing an ordering≺ of nmon(P ) of order
typeω. We then have a listing of the clauses ofnmon(P ), {rn|n ∈ ω}. We will construct an increasing
sequence of sets{M≺

n }n∈ω in stages. This given, we will then defineM≺ =
⋃

n∈ω M≺
n . Once we have

this construction defined, our goal will be to define a class of programsP for which M≺ is a stable
model for any ordering≺ of nmon(P ).

Definition 3.1. The Countable Normal Forward Chaining Construction ofM≺

• Stage 0: LetM≺
0 = Clmon(∅).

• Stagen + 1: Let s ∈ ω be the least number such that

rs = c← a1, . . . , am, not b1, . . . , not bn

wherea1, . . . , am ∈ M≺
n and b1, . . . , bn, c /∈ M≺

n . If there is no suchs, let M≺
n+1 = M≺

n .
Otherwise, letM≺

n+1 = Clmon(M≺
n ∪ {c}).

The preliminary notion we need before defining FC-normality is a version of consistency. FC-normal
logic programs will be ones which maintain consistency as the procedure above is followed. Stable
models will be consistent sets, maximal in the sense that applying any additional rule fromnmon(P )
would violate consistency. This is an extremely oversimplified description, but it should help the reader
understand some of the reasons for the following definitions of consistency property and FC-normal logic
program. (Both definitions are drawn from[12].)

Definition 3.2. Let P be a logic program. We say that a subsetCon⊆ P(BL) of the power set of the
Herbrand base ofL is aconsistency propertyoverP if

(1) ∅ ∈ Con,

(2) ∀A,B ⊆ BL[(A ⊆ B & B ∈ Con)⇒ A ∈ Con],

(3) wheneverA ⊆ Conhas the property thatA,B ∈ A ⇒
∃C ∈ A[A ⊆ C & B ⊆ C], then

⋃
A ∈ Con, and

(4) ∀A ⊆ BL[A ∈ Con⇒ Clmon(A) ∈ Con].

Conditions (1)–(3) have nothing specifically to do with the programP . They are Scott’s conditions
for information systems (see [18]), saying that (1) the empty set is consistent, (2) subsets of consistent
sets are consistent, and (3) unions of directed families of consistent sets are consistent. The need for
condition (4) is reasonably evident: we would not want to consider a set consistent if an inconsistency
were derivable from that set.

After all these preliminaries, we are in a position to define the objects which are the subject of this
paper, FC-normal logic programs.

Definition 3.3. Let P be a logic program and letConbe a consistency property overP .
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1. A clausec ← a1, . . . , am, not b1, . . . , not bn ∈ nmon(P ) is FC-normal with respect to Conif
V ∪ {c} ∈ Con andV ∪ {c, bi} /∈ Con for all i ≤ n wheneverV ⊆ BL is such thatV ∈
Con,Clmon(V ) = V, a1, . . . , am ∈ V , andc, b1, . . . , bn /∈ V .

2. A logic programP is FC-normal with respect to Conif every r ∈ nmon(P ) is FC-normal with
respect toCon.

3. A logic programP is FC-normalif for some consistency propertyCon⊆ P(BL), P is FC-normal
with respect toCon.

An example adapted from [14] illustrates the above definitions quite well.

Example 3.1. Let BL = {a, b, c, d, e, f}. Let Conbe defined by the following condition:A /∈ Con if
and only if either{c, d} ⊆ A or {e, f} ⊆ A. Thus{a, b, c, e}, {a, b, c, f}, {a, b, d, e}, and{a, b, d, f}
are the maximal subsets ofP(BL) which are inCon.

Now consider the following program,P :

(1) a←

(2) b← c

(3) c← a, not d

(4) e← c, not f .

Clauses (1) and (2) form the Horn part ofP and clauses (3) and (4) form the nonmonotonic part
of P . Since no Horn clauses result inc, d, e, or f , we see that closing a consistent set monotonically
will not result in an inconsistency, soCon is a consistency property overP . To check that clause (3)
is FC-normal, note that ifd /∈ A, addingc to A will not makeA inconsistent. A similar argument for
clause (4) establishes thatP is FC-normal with respect toCon. It is easy to check thatP has unique
stable model{a, b, c, e}.

If we add toP the clausec ← b, to get a programP ′, thenCon is not a consistency property over
P ′, since{b, d} ∈ Con, butClmon({b, d}) = {a, b, c, d} /∈ Con.

If we add the claused ← e, not f to P to form a new programP ′′, Conwill still be a consistency
property overP ′′ because being a consistency property depends only on the Horn part of a program.
However,P ′′ is not FC-normal with respect toConbecaused← e, not f is not FC-normal with respect
to Con. If A = {a, b, c, e}, we haveA ∈ Con, e ∈ A, f /∈ A, andd /∈ A, but Clmon(A ∪ {d}) =
{a, b, c, d, e} /∈ Con.

Finally, if we add toP the clausef ← c, not e then the resulting program is FC-normal with respect
to Con, but has two stable models,{a, b, c, e} and{a, b, c, f}.

There are many results in [12], [13], and [14] which illustrate the interest and usefulness of FC-
normal programs. Here are a few:

Theorem 3.4. (Marek, Nerode, and Remmel)
If P is a countable logic program FC-normal with respect to consistency propertyCon, then
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1. If P is computable, thenP has a stable model computably enumerable in0′ (where0′ is the Turing
degree of the halting problem).

2. M≺ is a stable model ofP if M≺ is constructed via the Countable Normal Forward Chaining
procedure with respect to≺, where≺ is any ordering ofnmon(P ) of order type≤ ω.

3. Every stable model ofP is of the formM≺ for some ordering≺ of nmon(P ) of order type≤ ω.

4. If A ∈ ConthenP has a stable modelM with A ⊆M .

5. If M1 andM2 are distinct stable models ofP thenM1 ∪M2 /∈ Con.

Theorem 3.5. (Marek, Nerode, and Remmel)
Let T be a computable subtree of2<ω such that[T ] 6= ∅. Then there is a computable FC-normal logic
programP such that there is an effective one-to-one correspondence between[T ] and the set of stable
models ofP .

There are many results from [6] and [7] about the existence of paths through computable subtrees of
2<ω with various degree theoretic properties, all of which now can be applied directly to stable models
of FC-normal programs, but we will not list them here. (These and many other results on paths through
trees are collected in [3].)

3.2. Locally FC-Normal Programs

There is one major difficulty in working with FC-normal programs in general. In Definition 3.3 we used
the phrase “if for some consistency property” in defining FC-normal programs. That translates into an
existential statement over athird-order variable. To assert the existence of a consistency property is to
say that there is a set of sets of elements of the Herbrand base with certain properties, which is — on its
face — at least aΣ2

1 sentence. It may be possible to reduce this extraordinary level of complexity, but
simply to assert membership in a consistency property is already apparentlyΠ2

1 because of clause 3 of
the definition of consistency property, asserting closure under unions of directed families. That the set of
FC-normal logic programs could fall into any reasonably manageable complexity class seems unlikely.
There is, however, a subclass of FC-normal programs which is quite reasonable and which captures the
spirit of the normal default theories which inspired the definition of FC-normal logic programs.

Definition 3.6. A logic programP will be calledlocally FC-normalif it meets the following two criteria:

1. WheneverP contains a clause which hasc as its head and which hasb as a restraint, then any
non-Horn clause which hasb as its head hasc as a restraint.

2. For no clause ofP does the head also appear as a restraint.

The intent of the above characterization is to mimic normal default theories by designating pairs of
elements as “pairwise incompatible”. In default logic (which has at its core classical logic), the pairwise
incompatible elements are alwaysp and¬p, but we now have the freedom to characterize any pair of
elements of the Herbrand base as pairwise incompatible. There is also nothing to prevent us from making
an element pairwise incompatible with several other elements. (The second condition is a technical one,
intended to keep single elements from being considered “incompatible”.)
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Of course, we will run into difficulty if we can deduce two pairwise incompatible elements using
only the Horn part of our program, since the elements deducible from the Horn part of the program are
going to be part of any stable model. To guard against the possibility of this situation leading to an
inconsistency, we will refrain from calling pairs of elements inClmon(∅) incompatible.

We have yet to show that locally FC-normal logic programs are in fact FC-normal, but this is not
hard to do. The only thing we need to be careful about is the fact that if the head of a Horn clause is
an element incompatible with one we already have, we also need to consider the premises of that Horn
clause incompatible with the already-present element.

Proposition 3.7. Locally FC-normal logic programs are FC-normal.

Proof:
Let P be a locally FC-normal logic program. Let us first define a set of sets of incompatible elements of
the Herbrand base,Incompat. If

c← a1, . . . , am, not b0, not b1, . . . , not bn

with m,n ≥ 0 is a clause ofP , then for eachi, 0 ≤ i ≤ n, such thatbi /∈ Clmon(∅) andc /∈ Clmon(∅)
we will say{bi, c} ∈ Incompat. If

c0 ← a1, . . . , am

with m ≥ 0 is a clause ofP and{c0, c1, . . . , cn} ∈ Incompat(n ≥ 0), then{a1, . . . , am, c1, . . . , cn} ∈
Incompat.

Let us note here that if we were including inIncompatpairs{b, c} ⊆ Clmon(∅), backtracking through
Horn clauses adding incompatible sets would lead us to include the empty set inIncompat. However,
since we do not consider pairs{b, c} incompatible if eitherb ∈ Clmon(∅) or c ∈ Clmon(∅), we know
that∅ /∈ Incompat. (In fact, every set of incompatible elements has cardinality at least2, since we also
exclude the possibility thatb = c.)

Now it is quite simple to define a consistency propertyConwith respect to whichP is FC-normal.
We will say thatA ∈ Con if ∀B ⊆ A[B /∈ Incompat].

Let us first confirm thatConis a consistency property overP . That we satisfy the first three clauses of
the definition of a consistency property (that consistency properties be nonempty, closed under subsets,
and closed under unions of directed families) is clear from the wayCon was defined. A set is inCon
unless it contains multiple members of certain finite sets, and this definition ofConwill certainly ensure
thatCon is closed under subsets and unions of directed families. That∅ ∈ Conhas already been shown.
That we satisfy the final clause of the definition, closure under monotonic closure, is guaranteed by our
backtracking through possible monotonic proofs of incompatible elements when we definedIncompat.

Recall that a clause
c← a1, . . . , am, not b0, not b1, . . . , not bn

with m,n ≥ 0 of P is FC-normal with respect toCon if for any V meeting certain conditions we have
that V ∪ {c} ∈ Con andV ∪ {c, bi} /∈ Con for all i, 0 ≤ i ≤ n. Two of the conditions onV are
that V ∈ Con andbi /∈ V for all i, 0 ≤ i ≤ n. For aV meeting these conditions, this is enough to
insure thatV ∪ {c} ∈ Con, since we know that{c} /∈ Incompat. Further, ifc, bi /∈ Clmon(∅), then
{c, bi} ∈ Incompat, and soV ∪ {c, bi} /∈ Con, showing the clause to be FC-normal. On the other hand,
among the conditions onV is that it be monotonically closed and thatc, bi /∈ V , so if c ∈ Clmon(∅) or
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bi ∈ Clmon(∅), then eitherc ∈ Clmon(V ) or bi ∈ Clmon(V ) for anyV and noV can meet the conditions,
making the clause vacuously FC-normal. Thus all nonmonotonic clauses ofP are FC-normal with
respect toCon, and soP itself is FC-normal with respect toCon. ut

This tells us, for instance, that locally FC-normal logic programs always have an extension c.e. in0′.
Let us note here that we have already seen an example of a locally FC-normal logic program, Example
3.1. (There the pairwise incompatible sets were{c, d} and{e, f}.) The only other fact about locally
FC-normal logic programs that we will want to take note of is that they are much easier to detect than
general FC-normal programs, in terms of their computability theoretic degree.

Proposition 3.8. The set of locally FC-normal computable logic programs isΠ0
1 over the set of com-

putable logic programs.

Proof:
If P is a computable logic program, one must check all pairs of clauses fromP to see that they do not
violate the definition of local FC-normality. Given a pair of clauses, performing this check is effective.
So one can write aΠ0

1 sentence to the effect of “P is locally FC-normal if for every pair of clauses inP ,
the pair does not violate the definition of local FC-normality.” ut

Now we have a class of FC-normal logic programs no more computability theoretically complex
than normal default theories and which is still a generalization of normal default theories. (It is a gener-
alization in the sense that using the standard embedding of default logic into logic programming, normal
default theories are mapped to locally FC-normal logic programs.) It is also a rich enough class that the
FC-normal program whose existence is guaranteed by Theorem 3.5 can be made to be locally FC-normal.

Proposition 3.9. Let T be a computable subtree of2<ω such that[T ] 6= ∅. Then there is a computable
locally FC-normal logic programP such that there is an effective one-to-one correspondence between
[T ] and the set of stable models ofP .

Proof:
An inspection of the proof of Theorem 3.5 (found in [12]) shows that the program constructed there is in
fact already locally FC-normal. ut

3.3. Default-Normal CN-Programs

To conclude this section, let us define an even more specialized version of normality for logic programs
with classical negation. Of course, one can define FC-normal and locally FC-normal CN-programs in a
way almost identical to the way FC-normal logic programs are defined. (The only real change is that we
insist thatLitL /∈ Confor consistency propertiesCon.) But with the expressiveness of classical negation,
we can also define a particularly intuitive type of normality, one closely analogous to normality in default
logics. To emphasize this relationship, we will call such CN-programs default-normal.

Definition 3.10. We will define both default-normal CN-clauses and default-normal CN-programs.
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• A CN-clause which is notnot-free is calleddefault-normalif it is of the form

c← a1, . . . , am, not¬c

or
¬c← a1, . . . , am, not c

for atomic statementc and literalsa1, . . . , am.

• A CN-program is calleddefault-normalif every clause innmon(P ) is default-normal and in ad-
dition, Clmon(∅) 6= LitL.

We include the condition thatClmon(∅) 6= LitL so that we can consider default-normal CN-programs
as a special case of FC-normal CN-programs as defined in [12]. The only programs we lose to this
condition are the programs whose only stable model is the entire set of literals because the monotonic
portion of the program is inconsistent. And now if we consider the consistency propertyCon to be
defined byA /∈ Con if and only if there is some ground atomic statementc such that bothc ∈ A and
¬c ∈ A, then default-normal coincides with FC-normal with respect toCon. Default-normality is also a
special case of local FC-normality.

Our reason for defining default-normal CN-programs is that when one embeds a CN-program into
default logic in the standard way, default-normal CN-programs map to normal default theories. This
will be useful to us in the next section, since the FC-normal logic program constructed can be slightly
modified to become a default-normal CN-program, and so we will be able to include a result about
default logic as an almost effortless corollary. (For an example of a default-normal CN-program, see the
example of an FC-normal logic program above (Example 3.1) and replaced by¬c andf by¬e.)

4. Skeptical Reasoning for FC-Normal Programs

Having seen how useful and well-behaved FC-normal logic programs are in some contexts, we will
now show that they are as badly behaved as possible when it comes to skeptical reasoning. (That is,
they are as computability theoretically complex as logic programs in this regard.) The main theorem of
this section is about coding countably branching trees into locally FC-normal logic programs. We will
assume the reader is comfortable with basic terminology about finite sequences and trees. (See [3] for a
good exposition.)

In the present context, by atreeτ we will mean a nonempty collection of finite sequences of numbers
so that if sequenceσ′ is an initial segment of sequenceσ ∈ τ (σ′ ⊆ σ) thenσ′ is in τ as well. Aninfinite
path through treeτ is a collection of sequences fromτ closed under initial segments which contains
exactly one sequence of lengthk for each natural numberk. A treeτ will be referred to asfinite-path
if there are no infinite paths throughτ . One very useful piece of notation will be|σ| for the length of a
finite sequenceσ.

Theorem 4.1. Given a computable treeτ ⊆ ω<ω, there is a locally FC-normal finite predicate logic
programPτ and a propositionpathIsFinitein the language ofPτ such thatpathIsFiniteis a member of
every stable model ofPτ if and only if τ is a finite-path tree.
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Proof:
The idea of the proof is to use the nonmonotonic part ofPτ only to choose a pathπ through the full tree
ω<ω, which will serve as a potential path throughτ . Every pathπ throughω<ω will correspond to a
stable model ofPτ . If π is not an infinite path throughτ , we will take note of this with the proposition
pathIsFinite. If pathIsFiniteappears in every stable model ofPτ , then there are no infinite paths through
τ ; and if pathIsFinitedoes not appear in the stable model ofPτ corresponding to pathπ, thenπ is an
infinite path throughτ .

If we choose some standard coding for finite sequences of integers, then the usual way of representing
computable relations by Horn clauses yields the following results (for a computable treeτ ):

• There exists a finite predicate Horn programP 0
τ such that for a predicatenotInTree(·) of the lan-

guage ofP 0
τ , the atomnotInTree(n) belongs to the least Herbrand model ofP 0

τ if and only if n is
a code for a finite sequenceσ andσ /∈ τ . (n is an abbreviation of the termsn(0).)

• There is a finite predicate Horn programP 1 such that for a predicateseq(·) of the language ofP 1,
the atomseq(n) belongs to the least Herbrand model ofP 1 if and only if n is the code of a finite
sequenceσ.

• There is a finite predicate Horn programP 2 which correctly computes several notions for manip-
ulating predicates and functions on sequences, including:

(a) sameLength(·, ·). This succeeds if and only if both arguments are codes of sequences of the
same length.

(b) diff(·, ·). This succeeds if and only if the arguments are codes of sequences which are differ-
ent.

(c) shorter(·, ·). This succeeds if and only if the arguments are codes of sequences and the first
sequence is shorter than the second sequence.

(d) notIncluded(·, ·). This succeeds if and only if both arguments are codes of sequences and the
first sequence is not an initial segment of the second sequence.

Let us denote byP−
τ the finite predicate Horn program which is the union of programsP 0

τ , P 1, and
P 2, its language byL−, and the least Herbrand model ofP−

τ by M−
τ . After we add the four clauses

below, the resulting program will be a finite predicate program. Those additional clauses will not contain
any predicates ofL− in the head, so whatever stable model of the extended program we consider, the
subset of the set of ground atoms ofL− contained in that stable model will always beM−

τ . In particular,
the meaning of each of the predicates listed above will always be the same.

Before we finish definingPτ , we will need two unary predicates and one proposition:

• inPath(·), having as its intended interpretation the set of codes of sequences forming a pathπ
throughω<ω.

• notInPath(·), having as its intended interpretation the set of codes of sequences not inπ.

• pathIsFinite, which will indicate thatπ is not an infinite path throughτ .

Here are the final four clauses ofPτ :
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1. inPath(X)←− seq(X), not notInPath(X)

2. notInPath(X)←− inPath(Y ), sameLength(X, Y ), diff(X, Y )

3. notInPath(X)←− inPath(Y ), shorter(Y, X), notIncluded(Y, X)

4. pathIsFinite←− inPath(X), notInTree(X)

We will denote byPτ the union ofP−
τ with the above four clauses, and the language ofPτ byL.

We need to establish the following:

I That the stable models ofPτ are in one-to-one correspondence with paths throughω<ω.

II That pathIsFinitewill appear in the stable model corresponding to pathπ if and only if π is not an
infinite path throughτ .

III That Pτ is indeed locally FC-normal.

The validity of item (II) is fairly easy to see. If we are attempting to follow a pathπ throughτ and
find ourselves at a point whenσ ∈ π but σ /∈ τ , we take note of the event by including the proposition
pathIsFinite; this is the only circumstance under whichpathIsFinitecan be derived.

Next, we address item (III). ThatPτ is locally FC-normal is immediate upon inspection. (Any
program in which the restraints of nonmonotone rules never appear as heads of nonmonotone rules is
trivially locally FC-normal.)

The rest of this proof is an argument to establish item (I) and is rather tedious and involved. If
the reader is convinced by a more casual inspection of the rules ofPτ that there will be a one-to-one
correspondence between stable models ofPτ and paths through the treeω<ω, then she might wish to
skip to the end of the proof.

To establish the validity of item (I), let us first assume thatM is a stable model ofPτ . We will show
that the set ofn such thatinPath(n) ∈ M codes a path throughω<ω. First of all, let us show that there
must be at least one suchn. Every rule with headnotInPath(n) hasinPath(n′) in the head for somen′.
If we could not proveinPath(n′) for anyn′, we could not provenotInPath(n) for anyn, and we could
use the clause

inPath(n)← seq(n), not notInPath(n)

to proveinPath(n). So there must be at least onen such thatinPath(n) ∈M .
Still assuming thatM is a stable model ofPτ , now let us show that ifinPath(n) ∈ M , n codes a

sequenceσ, andn′ codes a sequenceσ′ with |σ′| ≤ |σ|, theninPath(n′) ∈ M if and only if σ′ ⊆ σ.
If it is not the case thatσ′ ⊆ σ, then we have an immediate proof ofnotInPath(n′). With a proof of
notInPath(n′) we will not be able to proveinPath(n′). Now let us show that ifσ′ ⊆ σ we will not have
a proof ofnotInPath(n′). Assume we did have a proof ofnotInPath(n′). Either we usedinPath(n′′) for
n′′ coding a sequenceσ′′ with |σ′′| = |σ′| butσ′′ 6= σ′; or we usedinPath(n′′) for n′′ coding a sequence
σ′′ with |σ′′| ≥ |σ′| andσ′′ not extendingσ′. If |σ′′| = |σ′| but σ′′ 6= σ′, then we have a proof of
notInPath(n′′) and so could not have provedinPath(n′′). Thus|σ′′| > |σ′|, but σ′′ does not extendσ′.
If |σ′′| ≤ |σ|, then we have a proof ofnotInPath(n′′) and so could not have provedinPath(n′′). So it
must be the case that|σ′′| > |σ| but σ′′ does not extendσ (sinceσ′ ⊆ σ andσ′′ does not extendσ′).
That would give us a proof ofnotInPath(n), which would have made it impossible to proveinPath(n).
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Our assumption thatnotInPath(n′) had a proof leads inevitably to a contradiction, sonotInPath(n′) has
no proof if inPath(n) ∈ M andn andn′ code sequencesσ andσ′ with σ′ ⊆ σ. With no proof of
notInPath(n′), we will have a proof ofinPath(n′). So if inPath(n) ∈ M andn codesσ, then forevery
n′ codingσ′ ⊆ σ we will haveinPath(n′) ∈M .

Finally, let us show that ifM is a stable model then there is no upper bound on the length of sequences
coded byn such thatinPath(n) ∈ M . If there were an upper boundk, then there would have to be a
proof of notInPath(n) for everyn coding a sequence of lengthk + 1. But each of these would have
requiredinPath(n′) ∈M for somen′ coding a sequence of length greater than or equal tok+1 to prove,
andk was the upper bound of lengths of sequences such thatinPath(n) ∈M andn codes a sequence of
lengthk. So there is no suchk. By the above arguments, we have shown that ifM is a stable model of
Pτ , then the set ofn such thatinPath(n) ∈M code a chain of nested sequences, one sequence of length
k for eachk ∈ ω. That is, the set ofn such thatinPath(n) ∈M codes a path throughω<ω.

Now let π be a path throughω<ω. It is easy to see thatM = Clmon({inPath(n)|n codesσ ∈ π})
is a stable model ofPτ . A close examination of the rules makes evident thatnotInPath(n) can not be
derived if, for everyn′ such thatinPath(n′) has already been derived,n andn′ code sequencesσ andσ′

with eitherσ ⊆ σ′ or σ′ ⊆ σ. ThusM will not containnotInPath(n) for anyn coding aσ ∈ π. That is
enough to guarantee the derivability (using the context ofM ) of inPath(n) for all n codingσ ∈ π. The
rest ofM must also have derivations usingM as context, as the rest ofM was derived monotonically
from {inPath(n)|n codesσ ∈ π}. ut

By changing every occurrence ofnotInPathto ¬ inPath in Pτ , we obtain a CN-programPCN
τ with

identical properties toPτ . With only onenot in the program, it is easy to check that the program is
default-normal, yielding the following corollaries:

Corollary 4.2. Given a computable treeτ ⊆ ω<ω, there is a finite default-normal predicate CN-program
PCN

τ and a propositionpathIsFinitein the language ofPCN
τ such thatpathIsFiniteis a member of every

stable answer set ofPCN
τ if and only if τ is a finite-path tree.

Corollary 4.3. Given a computable treeτ ⊆ ω<ω, there is a normal default theoryDτ and a proposition
pathIsFinitein the language ofDτ such thatpathIsFiniteis a member of every extension ofDτ if and
only if τ is a finite-path tree.

Since skeptical consequence for logic programs, CN-programs, and default logics is known to be
Π1

1-complete ([10]) (and so in particular in the class ofΠ1
1 problems); and since the set of finite-path

computable trees isΠ1
1-complete ([17]), we have the following final corollary:

Corollary 4.4. Skeptical consequence for FC-normal logic programs, for default-normal CN-programs,
and for normal default theories isΠ1

1-complete. That is:

• The set of pairs〈a, P 〉 whereP is a computable locally FC-normal logic program anda is a
member of every stable model ofP is Π1

1-complete.

• The set of pairs〈a, P 〉 whereP is a computable default-normal CN-program anda is a member
of every stable answer set ofP is Π1

1-complete.

• The set of pairs〈ϕ, D〉 whereD is a computable normal default theory andϕ is a member of every
extension ofD is Π1

1-complete.
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5. Conclusions and Further Research

FC-normal logic programs are quite useful, in that for many of the applications for which stable model
logic programming was introduced in the first place, we are principally concerned with findingsome
stable model of the program. But when we want to find out whatmustbe true in any stable model,
we gain nothing by restricting our attention to FC-normal logic programs, or even to locally FC-normal
programs.

One big question, then, is whether there is a class of non-Horn programs that has both easily-
identified members and skeptical reasoning of complexity less thanΠ1

1. (Locally stratified programs
have unique stable models which are easy to find once the stratification has been determined; but the set
of locally stratified programs is itselfΠ1

1-complete. See [2].) A precise description of the class of sets
of sets which can be coded as the stable models of an FC-normal program (or of a locally FC-normal
program) has not, as far as I know, been put forward either. More straightforward work stemming from
the definitions set out in this paper would be to determine which results about normal default theories
carry across to locally FC-normal logic programs, and to examine the finite computational complexity of
locally FC-normal finite propositional logic programs.

I thank Denis Hirschfeldt for insightful comments and a careful reading of a preliminary version of
this paper.
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