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1.

Abstract. FC-normal logic programs are a generalization by Marek, Nerode, and Remmel of Re-
iter's normal default theories. They have the property that, unlike most logic programs, they are
guaranteed to have simple stable models. In this paper it is shown that the problem of skeptical rea-
soning in FC-normal programs I} -complete, the same complexity as for logic programs without

the restriction of FC-normality.

FC-normal programs are defined in such a way as to make testing a program for FC-normality
very difficult in general. A large subclass of FC-normal prograwsally FC-normal programsis

defined, shown to be recursive, and shown to have skeptical consequence as expressive as the entire
class of FC-normal programs.

Introduction

FC-normal logic programs were introduced by Marek, Nerode, and Remmel in [12] as a way to general-
ize the idea of normality in default logic in such a way that it could be brought to bear on logic programs.
In general, the problem of discovering stable models of logic programs (and that of discovering exten-
sions of default logics) is quite difficult. In [16], Reiter introducedrmal default logicswhich were
guaranteed to have extensions, one for each ordering of the rules of the default theory (with possible
redundancy).Normal defaultsre rules which have as their only restraint that adding the conclusion not
lead to an inconsistency.) FC-normal logic programs share this property, in that there is a stable model of
an FC-normal logic prograr® for each ordering of the clauses gfound(P) (the ground instances of
clauses ofP), again with possible redundancy. The “FC” comes from the Forward Chaining Construc-
tion of [12] which takes as input an ordering of clausegnfund(P) and yields a stable model by a
deterministic monotone procedure.

In [12], it was shown that if an FC-normal logic progrdpris computable, the® must have a stable

model computably enumerableln, the Turing degree of the halting problem. (Each step of the forward
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chaining construction requires closing under a Horn program, which can be done ®itiracle.) It
was also shown in [13] that this bound is tight, in that for any set c @.tinere is an FC-normal program
which has that set as its unique stable model.

We noted that the general problem of finding stable models is quite difficult, and this can be made
more precise. The set of codes of finite predicate logic programs which possess no stable model is, for
exampleIT}-complete. (That is, it is at the same level of the computability hierarchy as the set of codes
of finite-path countably-branching trees.) Armed with this result, it is easy to show that the set of ground
atomic formulas common to all stable models of a given logic program is also, in geligr@dmplete.

(This set is known as the set sifeptical consequencesthe program.)

Given a computable FC-normal logic program, we know that it has at least one stable model, but we
will show in this paper that the problem of finding the set of skeptical consequences an FC-normal logic
program is stilllli-hard, even for a very restricted class of FC-normal programs. We work with this
restricted class (locally FC-normal programs) because, in general, determining whether a given program
is FC-normal turns out to be almost inconceivably incomputable. The set of locally FC-normal programs
is, on the other hand, onky{.

We will begin with a brief exposition of logic programming. The following section of the paper
formally introduces the forward chaining construction, FC-normal logic programs, and some restricted
types of FC-normal programs. The last major section will consist largely of the main theorem and its
proof, that there are locally FC-normal logic programs for which skeptical reasoning is as hard as it
possibly could be.

2. Review of Logic Programming Ideas

We will assume that the reader has some familiarity with logic programming, and so will move through
basic definitions and results quickly. There are many sources for a more thorough background in logic
programming, including [1] and [8]. With the exception of a few theorems, almost all of the text of this
section will be used to define terminology, so we will not set definitions apart from the general text in
this section.

2.1. Normal Predicate Logic Programs and Stable Models

Let us begin by assuming a fixed languayeonsisting of predicate letters, function symbols, variables,
and constants. ground termof £ is a term composed only of constants and function symbotgoAnd
atomic statemeris an atomic formula in which each of the arguments is a ground term. We will refer to
the collection of all ground atomic statementsfo@s theHerbrand basef £, and denote it by3,.

A Horn program claus€or Horn claus@ is an expression of the form

C— Q1,...,0m
whereay, . . ., an,, c are all atomic formulas of. (If m = 0, we refer to the clause as awiom) The
clause is calledyroundif a4, ..., an, c are all ground atomic statements. d&finite logic progranor

Horn programis a collection of Horn clauses. One of the basic facts of logic programming is that each
Horn program has a least model in the Herbrand base, obtained as the least fixed point of an operator
representing one-step deduction. (The temodelwill be formally defined shortly, but in brief, a subset
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of the collection of ground atomic statementsfois a model of the above clause if whenever it contains
theq;’s, it also containg. It is a model of the program if it is a model of every clause of the program.)
A program clausés an expression of the form

c+ai,...,an,N0thy,..., Noth,
whereay, ..., am, b1, ..., by, care all atomic formulas of. (m,n > 0.) As for Horn clauses, a clause
will be calledgroundif aq,...,am,b1,...,b,, care all ground atomic statements. We will refertas
theheadof the clause and to
ai,...,Qam,N0thby,...,Noth,

as thebodyof the clause. The;’s are thepremisesf the clause, and thig’s are therestraintsof the
clause. Alogic programis a collection of normal program clauses. (These are sometimes nalietil
logic programs but we will not use this terminology so as to avoid confusion with FC-normal logic
programs.)

The wordspredicateand propositionalcan be used to modify any of the above notions of clause
and program, to distinguish between the normal case and the special case inJwdankists only of
0-ary predicates, gpropositions If £ is a propositional language, we can speabimpositional Horn
programs for example.

A ground instance of a (predicate) clause is a clause obtained by substituting ground terms for all
variables in the clause. (Of course, this must be done uniformly within the clause.) The set of all ground
instances of all clauses of a predicate prograns called thegroundingof P, denotedsround(P). We
are now in a position to define the temmdel(as it applies to Horn programs) more precisely. A subset
M of the Herbrand base is callednaodelof Horn programP if for each clause: < aq,...,a,, of
ground(P) we havec € M whenevefay,...,a,} C M.)

In general, we do not assume thiatthe underlying language of a program, is fixed or known. Itis
worth noting, then, that if one codes clausegafund(P) as numbers, then we can not conclude from
the computability of the set of codes of membergefund(P) thatL or the Herbrand base df is also
computable (only that it is computably enumerable). However, when we refesdmputable program
in this paper, we will mean both that the set of codes of membegsoafnd(P) is computable and that
the Herbrand base & is computable.

While the interpretation of Horn programs is well-understood and not controversial, the best inter-
pretation of logic programs continues to be the subject of debate. We will be concentrating exclusively
on one such interpretation in this paper, gtable model semantidsr logic programs, due to Gelfond
and Lifschitz ([4]). This idea is closely related to the notion of stable expansion in autoepistemic logic
([15]) and to the notion of extension in both default logics ([16]) and nonmonotone rule systems ([9]).

The idea of a stable model of a normal prograhis that we tentatively assume some subedf
the Herbrand base as context, and use that to determine which clagseswai(P) are relevant in that
context. (Relevant in that/ does not violate any of the constraints of that clause.) We then eliminate
irrelevant clauses and strip the restraints of the relevant ones, leaving us with a Horn program. If the
unique minimal model of this Horn program happens tabétself, our provisionally assumed context,
thenM has shown itself to be a stable modelraf

More formally, we will call a clause

C+— Q1,...,0m,N0thy, ..., NOLD,
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of ground(P) M-applicableif {b1,...,b,} N M = (). Thereductof an applicable clause

C+ Q1,...,0am,N0thy, ..., NOtLH,

C— Qly...,0m.

The set of reducts af/-applicable clauses @found(P) is called theGelfond-Lifschitz reduct af with
respect toM, denotedGL(M, P). For any programP, GL(M, P) is a ground Horn program, and so
has a least model. [/ is the least model oL (M, P), then we callM astable modebf P.
In general, a program can have no stable models, one stable model, or many stable models. Deter-
mining which of these is the case can be very difficult.

Theorem 2.1. (Marek, Nerode, and Remmel, [11])
The set of computable programs which have no stable modHls-&omplete.

Another question which can be asked about the stable models of a program is: “Is ground atomic
statement: a member of every stable model 6f?” The set of ground atomic statements which are
members of every stable model Bfis called the set ofkeptical consequence$ P; and finding the
skeptical consequences of a given program is also very difficult.

Theorem 2.2. (Marek, Nerode, and Remmel, [11])
The set of pairSa, P) where P is a computable program andis a skeptical consequence Bfis
I1}-complete.

2.2. Logic Programming with Classical Negation

If we extend our language with the single unary connectiyallowing atomic formulas and negated
atomic formulas (together referred tolasrals), we can defindogic programming with classical nega-
tion. (This idea is also due to Gelfond and Lifschitz ([5]).)

A CN-clauses an expression of the form

C+ Q1,...,0m,N0thy, ... NOtH,

whereay, ..., am,b1,...,by,c (m,n > 0) are all literals ofC. A CN-programis a set of CN-clauses.

The analogues of Horn progranmmot-free CN-programs, also have least models (in some sense of
the word), but we will have to work a little harder to define them. Our lhatsewill now contain ground
literals, not only ground atomic statements. We will call a sulddeof Lit, closed under a ground
not-free CN-clause

C<— Q1y.-.,0m

if either

e M = Litg, or

e M is consistent (that is)/ does not contaia and—a for any atomic statememnf) and whenever
{a1,...,am} € M we also have € M.
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Of course, we will say thad/ is closed undenot-free CN-programP if M is closed under each
CN-clause oground(P). Gelfond and Lifschitz showed that, just as there is a least Herbrand model for
a Horn program, for evergot-free CN-programP there is a least subset bit - closed undei, called
ananswer sebf P.

The definition of the Gelfond-Lifschitz redu€L(M, P) can be extended to CN-programs in the
obvious way, and we can define a notion very similar to that of stable model. A subsét_ it/ is a
stable answer saif a CN-progran if M is the least subset aft closed undet:L(M, P). Skeptical
consequence for CN-programs can be defined just as for logic programs, and the results of [11] cited
above carry over to CN-programs.

3. FC-Normal Logic Programs

3.1. General Case

In [12], Marek, Nerode, and Remmel defined a class of logic programs designed to be analogous to nor-
mal default logics ([16]), sharing their most important properties. Because a process called the “forward
chaining” procedure is guaranteed to lead to stable models of programs in the class defined by Marek,
Nerode, and Remmel, they are calle@-normal We will present a brief description of the forward
chaining procedure, but most of the details are not particularly important to this paper, and the reader is
referred to [12] and [14] for a more complete presentation.

One aspect of the process will be important in defining FC-normal logic programs, however; that
being the notion omonotonic closureLogic programs under stable model semantics behave nonmono-
tonically; that is, if we add axioms to a program, we nl@ge conclusions because the newly added or
derived information may violate restraints of a previously applicable clause. In contrast, Horn programs
are monotonic, in that adding axioms never causes us to have fewer conclusions than before. For this
reason, we will separate a logic progrdminto its Horn and non-Horn portions. We will call the set
of Horn clauses oground(P) the monotonic portion of?, denotednon(P); and by thenonmonotonic
portion of P, we will meanground(P) \ mon(P), which will be denotechmon(P).

Our principal use of the above distinctions will be to define monotonic closure, which will be de-
ductive closure undenon(P). The subprogrammon(P) is Horn by definition, and as such has a least
Herbrand model. But more generallylifis any subset of the Herbrand base of the language, Horn pro-
grams have least models containihgOne can think of the least model of the Horn program augmented
with axiomsa « for eacha € I.) Themonotonic closuravith respect to a prograr® of a subsef of
the Herbrand base will be the least modehafn(P) which containg. We will denote the monotonic
closure ofl by Clyon (1).

Similar notions can be defined for CN-programsPlis a CN-programmon(P) is the set ofhot-
free CN-clauses ofround(P), andCly,, (1) is the least subset dfit, containing/ and closed under
mon(P).

To define FC-normal logic programs, we will need one more preliminary definition, but let us first
motivate that preliminary definition with a brief description of the forward chaining procedure for gen-
erating stable models of a countable FC-normal logic progfam(The definition of FC-normal will
be roughly “possessing the properties which insure that the forward chaining procedure yields a stable
model.”)
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The forward chaining procedure will depend on first choosing an ordetinffnmon(P) of order
typew. We then have a listing of the clausesmofion(P), {r,|n € w}. We will construct an increasing
sequence of sefsM;*},,c., in stages. This given, we will then defidé~ = J, ., M,;*. Once we have
this construction defined, our goal will be to define a class of progrBrfier which M~ is a stable
model for any ordering< of nmon(P).

Definition 3.1. The Countable Normal Forward Chaining Construction\df<
e Stage 0: LetV/;* = Clyuon ().
e Stagen + 1: Let s € w be the least number such that
s =C+— ai,...,0n,N0tby,...,NOtH,

whereay,...,a, € M andb,... by, c ¢ M. If there is no suchs, let MY, = M.
Otherwise, letV | = Clyon (M, U {c}).

The preliminary notion we need before defining FC-normality is a version of consistency. FC-normal
logic programs will be ones which maintain consistency as the procedure above is followed. Stable
models will be consistent sets, maximal in the sense that applying any additional rule:dftomnt P)
would violate consistency. This is an extremely oversimplified description, but it should help the reader
understand some of the reasons for the following definitions of consistency property and FC-normal logic
program. (Both definitions are drawn frgi2].)

Definition 3.2. Let P be a logic program. We say that a sub8en C P(B.) of the power set of the
Herbrand base of is aconsistency propertgver P if

(1) ¥ € Con,
(2) VA,BC Br[(AC B& B e Con) = A€ Con,

(3) wheneverd C Conhas the property that, B € A =
IC € A|[AC C & B C (], thenJ A € Con and

(4) YA C Br[A € Con=> Clyen(A) € Con.

Conditions (1)—(3) have nothing specifically to do with the progifaniThey are Scott’s conditions
for information systems (see [18]), saying that (1) the empty set is consistent, (2) subsets of consistent
sets are consistent, and (3) unions of directed families of consistent sets are consistent. The need for
condition (4) is reasonably evident: we would not want to consider a set consistent if an inconsistency
were derivable from that set.

After all these preliminaries, we are in a position to define the objects which are the subject of this
paper, FC-normal logic programs.

Definition 3.3. Let P be a logic program and I€onbe a consistency property over
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1. A clausec < ay,...,am,,N0tby,...,noth, € nmon(P) is FC-normal with respect to Coif
VU {c} € ConandV U {c,b;} ¢ Confor all i < n wheneverV C B is such thatV" €
Con Clyon(V) = V,as,...,am € V,andc, by, ..., b, ¢ V.

2. A logic programP is FC-normal with respect to Cotfi every r € nmon(P) is FC-normal with
respect taCon

3. Alogic programP is FC-normalif for some consistency proper6on C P(B.), P is FC-normal
with respect taCon

An example adapted from [14] illustrates the above definitions quite well.

Example 3.1. Let B = {a,b,c,d,e, f}. Let Conbe defined by the following conditiond ¢ Conif
and only if either{c,d} C A or{e, f} C A. Thus{a,b,c,e}, {a,b,c, f}, {a,b,d, e}, and{a,b,d, f}
are the maximal subsets B B.) which are inCon

Now consider the following prograng:

(1) a —
(2) b c
(3) ¢« a,notd
(4) e —c,not f.

Clauses (1) and (2) form the Horn part Bfand clauses (3) and (4) form the nhonmonotonic part
of P. Since no Horn clauses resultdnd, e, or f, we see that closing a consistent set monotonically
will not result in an inconsistency, sbonis a consistency property ovét. To check that clause (3)
is FC-normal, note that fl ¢ A, addingc to A will not make A inconsistent. A similar argument for
clause (4) establishes th&tis FC-normal with respect t€on It is easy to check thaP has unique
stable mode{a, b, ¢, e}.

If we add toP the clause: < b, to get a progran®’, thenConis not a consistency property over
P’, since{b, d} € Con butClyen({b,d}) = {a,b,c,d} ¢ Con

If we add the clausd « e, not f to P to form a new programP”, Conwill still be a consistency
property overP” because being a consistency property depends only on the Horn part of a program.
However,P” is not FC-normal with respect 8onbecausel < e, not f is not FC-normal with respect
toCon If A = {a,b,c,e}, we haved € Cone € A, f ¢ A, andd ¢ A, butClyon(A U {d}) =
{a,b,c,d,e} ¢ Con

Finally, if we add toP the clausef < ¢, not e then the resulting program is FC-normal with respect
to Con, but has two stable model&g, b, ¢, e} and{a, b, ¢, f}.

There are many results in [12], [13], and [14] which illustrate the interest and usefulness of FC-
normal programs. Here are a few:

Theorem 3.4. (Marek, Nerode, and Remmel)
If Pis a countable logic program FC-normal with respect to consistency prapertythen
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1. If Pis computable, the® has a stable model computably enumerabl@ ifwhere0’ is the Turing
degree of the halting problem).

2. M~ is a stable model of if M~ is constructed via the Countable Normal Forward Chaining
procedure with respect ta, where< is any ordering ohmon(P) of order type< w.

3. Every stable model aP is of the formA/~ for some ordering< of nmon(P) of order type< w.
4. If A € ConthenP has a stable modé&ll with A C M.
5. If M; and M, are distinct stable models &f thenM; U M, ¢ Con

Theorem 3.5. (Marek, Nerode, and Remmel)

Let 7' be a computable subtree »f“ such tha{7] # (). Then there is a computable FC-normal logic
programP such that there is an effective one-to-one correspondence befieand the set of stable
models ofP.

There are many results from [6] and [7] about the existence of paths through computable subtrees of
2=« with various degree theoretic properties, all of which now can be applied directly to stable models
of FC-normal programs, but we will not list them here. (These and many other results on paths through
trees are collected in [3].)

3.2. Locally FC-Normal Programs

There is one major difficulty in working with FC-normal programs in general. In Definition 3.3 we used
the phrase “if for some consistency property” in defining FC-normal programs. That translates into an
existential statement overthird-order variable. To assert the existence of a consistency property is to
say that there is a set of sets of elements of the Herbrand base with certain properties, which is — on its
face — at least &7 sentence. It may be possible to reduce this extraordinary level of complexity, but
simply to assert membership in a consistency property is already appdiénlycause of clause 3 of

the definition of consistency property, asserting closure under unions of directed families. That the set of
FC-normal logic programs could fall into any reasonably manageable complexity class seems unlikely.
There is, however, a subclass of FC-normal programs which is quite reasonable and which captures the
spirit of the normal default theories which inspired the definition of FC-normal logic programs.

Definition 3.6. A logic programP will be calledlocally FC-normalif it meets the following two criteria:

1. WheneverP contains a clause which hasas its head and which hasas a restraint, then any
non-Horn clause which hdsas its head hasas a restraint.

2. For no clause oP does the head also appear as a restraint.

The intent of the above characterization is to mimic normal default theories by designating pairs of
elements as “pairwise incompatible”. In default logic (which has at its core classical logic), the pairwise
incompatible elements are alwaysand —p, but we now have the freedom to characterize any pair of
elements of the Herbrand base as pairwise incompatible. There is also nothing to prevent us from making
an element pairwise incompatible with several other elements. (The second condition is a technical one,
intended to keep single elements from being considered “incompatible™.)
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Of course, we will run into difficulty if we can deduce two pairwise incompatible elements using
only the Horn part of our program, since the elements deducible from the Horn part of the program are
going to be part of any stable model. To guard against the possibility of this situation leading to an
inconsistency, we will refrain from calling pairs of elementsii,,, () incompatible.

We have yet to show that locally FC-normal logic programs are in fact FC-normal, but this is not
hard to do. The only thing we need to be careful about is the fact that if the head of a Horn clause is
an element incompatible with one we already have, we also need to consider the premises of that Horn
clause incompatible with the already-present element.

Proposition 3.7. Locally FC-normal logic programs are FC-normal.

Proof:
Let P be a locally FC-normal logic program. Let us first define a set of sets of incompatible elements of
the Herbrand baséncompat If

Cc+ ai,...,any,N0tby,NOtHy,...,N0otH,

with m,n > 0 is a clause of?, then for each, 0 < i < n, such thab; ¢ Cl,on(0) andc ¢ Clyon(0)
we will say {b;, c} € Incompat If
Co < A1y...,0m

with m > 0 is a clause of” and{cy, c1, ..., c,} € Incompat(n > 0), then{aq,...,am,c1,...,cp} €
Incompat

Let us note here that if we were includinglicompatpairs{b, ¢} C Cl,,on(0), backtracking through
Horn clauses adding incompatible sets would lead us to include the emptylaebimpat However,
since we do not consider pai$, ¢} incompatible if eitheh) € Clyon(0) or ¢ € Clpon(0), we know
that() ¢ Incompat (In fact, every set of incompatible elements has cardinality at leashce we also
exclude the possibility thdt= c.)

Now it is quite simple to define a consistency propeZtyn with respect to whichP is FC-normal.
We will say that4 € Conif VB C A[B ¢ Incompa.

Let us first confirm tha€onis a consistency property over. That we satisfy the first three clauses of
the definition of a consistency property (that consistency properties be nonempty, closed under subsets,
and closed under unions of directed families) is clear from the @@aywas defined. A set is ion
unless it contains multiple members of certain finite sets, and this definitiGomivill certainly ensure
thatConis closed under subsets and unions of directed families. (Tka€onhas already been shown.
That we satisfy the final clause of the definition, closure under monotonic closure, is guaranteed by our
backtracking through possible monotonic proofs of incompatible elements when we daetinethat

Recall that a clause

c+ ai,...,any,N0tby,N0Otby,...,NotH,

with m,n > 0 of P is FC-normal with respect t€onif for any IV meeting certain conditions we have
thatV U {c} € ConandV U {¢,b;} ¢ Confor all i, 0 < i < n. Two of the conditions oV are
thatV € Conandb; ¢ V forall i, 0 < i < n. For aV meeting these conditions, this is enough to
insure thatV’ U {c} € Con, since we know thafc} ¢ Incompat Further, ifc,b; ¢ Clyon(0), then
{c,b;} € Incompatand so” U {c,b;} ¢ Con showing the clause to be FC-normal. On the other hand,
among the conditions oW is that it be monotonically closed and thab; ¢ V, so if ¢ € Cly,on(0) or
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b; € Clmon(0), then either: € Clyon (V') 0rb; € Clyon (V) for anyV and noV can meet the conditions,
making the clause vacuously FC-normal. Thus all nonmonotonic claus@sawsé FC-normal with
respect taCon and saP itself is FC-normal with respect tGon O

This tells us, for instance, that locally FC-normal logic programs always have an extensiorot.e. in
Let us note here that we have already seen an example of a locally FC-normal logic program, Example
3.1. (There the pairwise incompatible sets wéred} and{e, f}.) The only other fact about locally
FC-normal logic programs that we will want to take note of is that they are much easier to detect than
general FC-normal programs, in terms of their computability theoretic degree.

Proposition 3.8. The set of locally FC-normal computable logic programélfsover the set of com-
putable logic programs.

Proof:

If P is a computable logic program, one must check all pairs of clausesfrémsee that they do not
violate the definition of local FC-normality. Given a pair of clauses, performing this check is effective.
So one can write &8 sentence to the effect of*is locally FC-normal if for every pair of clauses i,

the pair does not violate the definition of local FC-normality.” O

Now we have a class of FC-normal logic programs no more computability theoretically complex
than normal default theories and which is still a generalization of normal default theories. (It is a gener-
alization in the sense that using the standard embedding of default logic into logic programming, normal
default theories are mapped to locally FC-normal logic programs.) It is also a rich enough class that the
FC-normal program whose existence is guaranteed by Theorem 3.5 can be made to be locally FC-normal.

Proposition 3.9. Let 7' be a computable subtree ®f* such tha{7] # (). Then there is a computable
locally FC-normal logic progran® such that there is an effective one-to-one correspondence between
[T'] and the set of stable models Bf

Proof:
An inspection of the proof of Theorem 3.5 (found in [12]) shows that the program constructed there is in
fact already locally FC-normal. O

3.3. Default-Normal CN-Programs

To conclude this section, let us define an even more specialized version of normality for logic programs
with classical negation. Of course, one can define FC-normal and locally FC-normal CN-programs in a
way almost identical to the way FC-normal logic programs are defined. (The only real change is that we
insist thatLit, ¢ Confor consistency propertigSon) But with the expressiveness of classical negation,

we can also define a particularly intuitive type of normality, one closely analogous to normality in default
logics. To emphasize this relationship, we will call such CN-programs default-normal.

Definition 3.10. We will define both default-normal CN-clauses and default-normal CN-programs.
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e A CN-clause which is nonot-free is calleddefault-normalf it is of the form

C QAl,...,0Qn,N0L—C
or

-C < a1,...,0Qny,N0tc
for atomic statementand literalsay, . . ., a,,.

e A CN-program is callediefault-normalif every clause immon(P) is default-normal and in ad-
dition, Cly,on () # Lit..

We include the condition thatl,,., (0) # Lit, so that we can consider default-normal CN-programs
as a special case of FC-normal CN-programs as defined in [12]. The only programs we lose to this
condition are the programs whose only stable model is the entire set of literals because the monotonic
portion of the program is inconsistent. And now if we consider the consistency prdpentyo be
defined byA ¢ Conif and only if there is some ground atomic statemestuch that botkr € A and
—c € A, then default-normal coincides with FC-normal with respec@¢m Default-normality is also a
special case of local FC-normality.

Our reason for defining default-normal CN-programs is that when one embeds a CN-program into
default logic in the standard way, default-normal CN-programs map to normal default theories. This
will be useful to us in the next section, since the FC-normal logic program constructed can be slightly
modified to become a default-normal CN-program, and so we will be able to include a result about
default logic as an almost effortless corollary. (For an example of a default-normal CN-program, see the
example of an FC-normal logic program above (Example 3.1) and reglage.c and f by —e.)

4. Skeptical Reasoning for FC-Normal Programs

Having seen how useful and well-behaved FC-normal logic programs are in some contexts, we will
now show that they are as badly behaved as possible when it comes to skeptical reasoning. (That is,
they are as computability theoretically complex as logic programs in this regard.) The main theorem of
this section is about coding countably branching trees into locally FC-normal logic programs. We will
assume the reader is comfortable with basic terminology about finite sequences and trees. (See [3] for a
good exposition.)

In the present context, byteeer we will mean a nonempty collection of finite sequences of numbers
so that if sequencé’ is an initial segment of sequenees 7 (o' C o) thend’ is in 7 as well. Aninfinite
path through treer is a collection of sequences fromclosed under initial segments which contains
exactly one sequence of lengthfor each natural numbér. A tree will be referred to adinite-path
if there are no infinite paths through One very useful piece of notation will Be| for the length of a
finite sequence.

Theorem 4.1. Given a computable tree C w<¥, there is a locally FC-normal finite predicate logic
programP, and a propositiopathlsFinitein the language oP- such thapathlsFiniteis a member of
every stable model oP; if and only if 7 is a finite-path tree.
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Proof:
The idea of the proof is to use the nonmonotonic patobnly to choose a path through the full tree
w<¥, which will serve as a potential path through Every pathr throughw=<“ will correspond to a
stable model of.. If 7 is not an infinite path through, we will take note of this with the proposition
pathisFinite If pathlsFiniteappears in every stable modelBf, then there are no infinite paths through
7; and if pathlsFinitedoes not appear in the stable model»fcorresponding to path, then= is an
infinite path throughr.
If we choose some standard coding for finite sequences of integers, then the usual way of representing
computable relations by Horn clauses yields the following results (for a computabtgitree

e There exists a finite predicate Horn progrd such that for a predicateotinTred-) of the lan-
guage ofP?, the atormotinTredn) belongs to the least Herbrand modelrff if and only if n is
a code for a finite sequeneeando ¢ 7. (n is an abbreviation of the ters¥(0).)

e There is a finite predicate Horn prograi such that for a predicated-) of the language oP!,
the atomseqn) belongs to the least Herbrand modelRf if and only if n is the code of a finite
sequence.

e There is a finite predicate Horn progra®? which correctly computes several notions for manip-
ulating predicates and functions on sequences, including:

(a) sameLength, -). This succeeds if and only if both arguments are codes of sequences of the

same length.
(b) diff(-,-). This succeeds if and only if the arguments are codes of sequences which are differ-
ent.

(c) shorter(-,-). This succeeds if and only if the arguments are codes of sequences and the first
sequence is shorter than the second sequence.

(d) notincluded-, -). This succeeds if and only if both arguments are codes of sequences and the
first sequence is not an initial segment of the second sequence.

Let us denote by? the finite predicate Horn program which is the union of progrdtfisP!, and
P2, its language byC~, and the least Herbrand model Bf- by M. After we add the four clauses
below, the resulting program will be a finite predicate program. Those additional clauses will not contain
any predicates of ~ in the head, so whatever stable model of the extended program we consider, the
subset of the set of ground atoms®f contained in that stable model will always bB&-. In particular,
the meaning of each of the predicates listed above will always be the same.

Before we finish definind?-, we will need two unary predicates and one proposition:

e inPath(-), having as its intended interpretation the set of codes of sequences forming & path
throughw=<>.

¢ notinPath-), having as its intended interpretation the set of codes of sequencesmot in

¢ pathlsFinite which will indicate thatr is not an infinite path through.

Here are the final four clauses Bf:
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1. inPath(X') «— sedX), not notinPath{ X)

2. notinPath( X') < inPath(Y"), sameLengthX,Y"), diff(X,Y)

3. notinPati{ X') <« inPath(Y"), shorterY, X'), notincludedY’, X)
4. pathlsFinite<—— inPath(X'), notinTre€ X )

We will denote byP- the union of P with the above four clauses, and the languag&,oby L.
We need to establish the following:

| That the stable models d?; are in one-to-one correspondence with paths thrawfgh

Il That pathlsFinitewill appear in the stable model corresponding to pathand only if 7 is not an
infinite path through-.

Il That P; is indeed locally FC-normal.

The validity of item (ll) is fairly easy to see. If we are attempting to follow a patthroughr and
find ourselves at a point whene 7 buto ¢ 7, we take note of the event by including the proposition
pathisFinite this is the only circumstance under whighthlsFinitecan be derived.

Next, we address item (lll). ThaP; is locally FC-normal is immediate upon inspection. (Any
program in which the restraints of nonmonotone rules never appear as heads of nonmonotone rules is
trivially locally FC-normal.)

The rest of this proof is an argument to establish item (I) and is rather tedious and involved. If
the reader is convinced by a more casual inspection of the rulé% tiat there will be a one-to-one
correspondence between stable model®0fnd paths through the tree~~, then she might wish to
skip to the end of the proof.

To establish the validity of item (1), let us first assume thais a stable model oP,.. We will show
that the set of such thainPath(n) € M codes a path through<“. First of all, let us show that there
must be at least one sueh Every rule with headhotinPath{n) hasinPath(n’) in the head for some’.

If we could not provenPath(n") for anyn’, we could not provenotinPath{n) for anyn, and we could
use the clause
inPath(n) < sedn), not notinPath{(n)

to proveinPath(n). So there must be at least onesuch thainPath(n) € M.

Still assuming thafl/ is a stable model of-, now let us show that iinPath(n) € M, n codes a
sequencer, andn’ codes a sequence with |o'| < |o|, theninPath(n') € M if and only if o’ C 0.
If it is not the case that’ C o, then we have an immediate proof métinPath{»’). With a proof of
notinPath{n’) we will not be able to provénPath(n’). Now let us show that i&' C o we will not have
a proof ofnotinPath{n’). Assume we did have a proof obtinPati{(n’). Either we usednhPath(n") for
n” coding a sequenc€’ with || = |o'| bute” # o’; or we usednPath(n”) for n” coding a sequence
o’ with |0”| > |¢’| ando” not extendings’. If |0”| = |¢'| buto” # o', then we have a proof of
notinPath{»n”) and so could not have provéaPath(n”). Thus|o”| > |o’|, buts” does not extend"’.

If "] < |o|, then we have a proof afotinPatin”) and so could not have provedPath(n”). So it
must be the case that”| > |o| buto” does not extend (sinces’ C o andc” does not extend”).
That would give us a proof afotinPath{n), which would have made it impossible to pranath(n).
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Our assumption thatotinPath{»’) had a proof leads inevitably to a contradiction retinPath{n’) has
no proof ifinPath(n) € M andn andn’ code sequences ando’ with ¢/ C o. With no proof of
notinPath(n’), we will have a proof ofnPath(n’). So ifinPath(n) € M andn codeso, then forevery
n’ codingo’ C o we will haveinPath(n') € M.

Finally, let us show that ift/ is a stable model then there is no upper bound on the length of sequences
coded byn such thainPath(n) € M. If there were an upper bourid then there would have to be a
proof of notinPath{n) for everyn coding a sequence of length+ 1. But each of these would have
requiredinPath(n’) € M for somen’ coding a sequence of length greater than or equalta to prove,
andk was the upper bound of lengths of sequences suclinRath(n) € M andn codes a sequence of
lengthk. So there is no such. By the above arguments, we have shown thatifs a stable model of
P;, then the set of such thainPath(n) € M code a chain of nested sequences, one sequence of length
k for eachk € w. That is, the set of such thainPath(n) € M codes a path through<*.

Now let 7w be a path throughv<¥. It is easy to see tha/ = Cl,on({inPath(n)|n codeso € 7})
is a stable model oP;. A close examination of the rules makes evident tiattnPath{») can not be
derived if, for everyn’ such thainPath(n’) has already been derived andn’ code sequencesando’
with eithero C ¢’ or ¢’ C o. ThusM will not containnotinPath{n) for anyn coding as € 7. That is
enough to guarantee the derivability (using the context/gfof inPath(n) for all » codingo € . The
rest of M must also have derivations usidd as context, as the rest 8f was derived monotonically
from {inPath(n)|n codess € 7}. O

By changing every occurrence nbtinPathto —inPathin P,, we obtain a CN-progran®®"V with
identical properties td?.. With only onenot in the program, it is easy to check that the program is
default-normal, yielding the following corollaries:

Corollary 4.2. Given a computable treeC w<%, there is a finite default-normal predicate CN-program
PEN and a propositiopathlsFinitein the language oP“" such thapathlIsFiniteis a member of every
stable answer set @“" if and only if 7 is a finite-path tree.

Corollary 4.3. Given a computable tree C w<¥, there is a normal default theofy, and a proposition
pathlsFinitein the language oD, such thatpathlsFiniteis a member of every extension 6f. if and
only if 7 is a finite-path tree.

Since skeptical consequence for logic programs, CN-programs, and default logics is known to be
I1}-complete ([10]) (and so in particular in the classIBf problems); and since the set of finite-path
computable trees H}-complete ([17]), we have the following final corollary:

Corollary 4.4. Skeptical consequence for FC-normal logic programs, for default-normal CN-programs,
and for normal default theories it -complete. That is:

e The set of pairga, P) where P is a computable locally FC-normal logic program ands a
member of every stable model &fis I1}-complete.

e The set of pairga, P) whereP is a computable default-normal CN-program ani$ a member
of every stable answer set fis I13-complete.

e The set of pairgp, D) whereD is a computable normal default theory apds a member of every
extension ofD is I1}-complete.
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5. Conclusions and Further Research

FC-normal logic programs are quite useful, in that for many of the applications for which stable model
logic programming was introduced in the first place, we are principally concerned with fiading
stable model of the program. But when we want to find out whastbe true in any stable model,
we gain nothing by restricting our attention to FC-normal logic programs, or even to locally FC-normal
programs.

One big question, then, is whether there is a class of non-Horn programs that has both easily-
identified members and skeptical reasoning of complexity less Han(Locally stratified programs
have unique stable models which are easy to find once the stratification has been determined; but the set
of locally stratified programs is itseli}-complete. See [2].) A precise description of the class of sets
of sets which can be coded as the stable models of an FC-normal program (or of a locally FC-normal
program) has not, as far as | know, been put forward either. More straightforward work stemming from
the definitions set out in this paper would be to determine which results about normal default theories
carry across to locally FC-normal logic programs, and to examine the finite computational complexity of
locally FC-normal finite propositional logic programs.

| thank Denis Hirschfeldt for insightful comments and a careful reading of a preliminary version of
this paper.

References

[1] Apt, K. R.: Logic programming, in:Handbook of Theoretical Computer Scierde van Leeuven, Ed.),
Cambridge, MA, MIT Press, 1990, 493-574.

[2] Cholak, P., Blair, H.: The complexity of local stratificatidaund. Inform, 21, 1994, 333-344.

[3] Cenzer, D., Remmel, J. BIIY classes in mathematics, irdandbook of Recursive Mathematics, Vol. 2
(Y. L. Ershov, S. S. Goncharov, V. W. Marek, A. Nerode, J. B. Remmel, Eds.), Amsterdam, North-Holland,
1998, 623-821.

[4] Gelfond, M., Lifschitz, V.: The stable semantics for logic prografPimceedings of the 9th Annual Sympo-
sium on Logic Programmin¢R. Kowalski, K. Bowen, Eds.), Cambridge, MA, MIT Press, 1988, 1070-1080.

[5] Gelfond, M., Lifschitz, V.: Logic programs with classical negatidtrpceedings of the 7th International
Conference on Logic Programmir{®. Warren, P. Szeredi, Eds.), Cambridge, MA, MIT Press, 1990, 579-
597.

[6] Jockusch, C., Soare, R. I.: Degrees of membeis‘bélassesPacific J. Math, 40, 1972, 605-616.
[7] Jockusch, C., Soare, R. [1! classes and degrees of theoriEsns. Amer. Math. Socl73 1972, 33-56.
[8] Lloyd, J.: Foundations of Logic Programmin@erlin, Springer-Verlag, 1984, 2nd edition, 1987.

[9] Marek, W., Nerode, A., Remmel, J. B.: Nonmonotonic rule systemdsf. Math. Artificial Intelligencel,
1990, 241-273.

[10] Marek, W., Nerode, A., Remmel, J. B.: Nonmonotonic rule systenrh. Math. Artificial Intelligenceb,
1992, 229-263.

[11] Marek, W., Nerode, A., Remmel, J. B.: The stable models of a predicate logic progwamal of Logic
Programming 21, 1994, 129-154.



252 R.S. Milnikel / Skeptical Reasoning in FC-Normal Programs

[12] Marek, W., Nerode, A., Remmel, J. B.: Context for belief revision: FC-normal nonmonotonic rule systems,
Ann. Pure Appl. Logic67, 1994, 269-324.

[13] Marek, W., Nerode, A., Remmel, J. B.: Complexity of recursive normal default Iégiod. Inform, 32,
1997, 139-147.

[14] Marek, W., Nerode, A., Remmel, J. B.: Logic programs, well-orderings, and forward cha#umg,Pure
Appl. Logig 96, 1999, 231-276.

[15] Moore,R. C.: Possible-world semantics for autoepistemic loBioceedings of the Workshop on Non-
Monotonic Reasonin(R. Reiter, Ed.), 1984, 344-354.

[16] Reiter, R.: A logic for default reasoningytificial Intelligence 13, 1980, 81-132.
[17] Rogers, H..Theory of Recursive Functions and Effective ComputabMew York, McGraw-Hill, 1967.

[18] Scott, D.: Domains for denotational semantiemceedings of ICALP-8Heidelberg, Springer, 1982, 577—
613.



