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On the Construction of Skew Quasi-Cyclic Codes

Taher Abualrub, Ali Ghrayeb, Senior Member, IEEE, Nuh Aydin, and Irfan Siap

Abstract—In this paper, we study a special type of quasi-cyclic
(QC) codes called skew QC codes. This set of codes is constructed
using a noncommutative ring called the skew polynomial ring
F[x;0]. After a brief description of the skew polynomial ring
Fx; 8], it is shown that skew QC codes are left submodules of
the ring R. = (F[2:60]/(z* —1))'. The notions of generator
and parity-check polynomials are given. We also introduce the
notion of similar polynomials in the ring F[z; 6] and show that
parity-check polynomials for skew QC codes are unique up to
similarity. Our search results lead to the construction of several
new codes with Hamming distances exceeding the Hamming dis-
tances of the previously best known linear codes with comparable
parameters.

Index Terms—New codes, quasi-cyclic codes, skew fields.

I. INTRODUCTION

significant portion of the work on error correcting codes

for over the last 60 years has been on the construction of
different types of codes defined over commutative rings. At the
beginning, most of the research on error correcting codes was
concentrated on codes over finite fields. More recently, it has
been shown by many researchers (e.g., [1], [2], [6], and [9]) that
codes over rings are a very important class and many types of
codes with good parameters can be constructed over rings. We
believe that another important direction to consider is the con-
struction of codes using noncommutative rings. Research on this
topic is very recent and interesting. Boucher et al. generalized in
[4] and [5] the notion of cyclic codes by using generator polyno-
mials in a noncommutative polynomial ring called skew polyno-
mial ring. They gave examples of skew cyclic codes with Ham-
ming distances larger than previously best known linear codes
of the same length and dimension [4].

Quasi-cyclic (QC) codes of index [ over a finite field F' are
linear codes where the cyclic shift of any codeword by [ posi-
tions is another codeword. QC codes of index [ = 1 are well
known cyclic codes. QC codes have been shown to be a very
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important class of linear codes [7], [15], [16], [19], [20], [23].
Many of the best known and optimal linear codes that have
been constructed so far are examples of QC codes (e.g., [7],
[11]-[13], and [22]).

In this paper, we study the construction of skew QC codes.
This work has been motivated by the fact that the class of skew
QC codes is much larger than the class of QC codes, suggesting
that better codes may be found in this class. In fact, we have per-
formed a search in the class of skew QC codes over GF(4), and
obtained seven new linear quaternary codes with Hamming dis-
tances greater than previously best known linear codes with the
given parameters. These new codes have the parameters [48, 12,
24], [72, 21, 29],[48, 16, 20], [96, 16, 49], [100, 20, 47], [140,
20, 72], and [110, 22, 51]. We also construct a large number of
skew QC codes with Hamming distances equal to the Hamming
distances of the best known linear codes with the given parame-
ters. Our focus in this paper has been on the one-generator skew
QC codes and their properties since this class of codes share
many properties of QC codes.

The rest of the paper is organized as follows. Section II in-
cludes a brief description of the skew polynomial ring F[z; §].
In Section III, we discuss the structure of skew QC codes
where we show that this type of codes is a left submodule of
Rl = (F[z;0]/(z* — 1))!. We also discuss the dimension and
the parity check polynomial for these codes. In Section IV, we
introduce the notion of similar polynomials, and show that the
parity-check polynomial of a skew QC code is unique up to
similarity. Section V includes our search results. Section VI
concludes the paper.

II. SKEW POLYNOMIAL RING F'[z; 0]

Let F be a finite field of characteristic p. Let # be an automor-
phism of F' with [(#)| = m. Let K be the subfield of F' fixed
under (6). Then, [F': K] = m and K = GF(p!), F = GF(q)
where ¢ = p'™. Since the automorphism group of F'/Z,, is
cyclic, generated by the Frobenious automorphism z — 27, we
have 6 (b) = b?" foralla € F.

Example 1: Consider the finite field GF(4) = {0,1,a,a”}
where a? + a 4+ 1 = 0. Define the Frobenius automorphism

6:GF(4) — GF(4) by
0(z) =2°.

Then §(0) = 0, §(1) = 1, #(a) = a? and §(a?) = a. Hence,
the fixed field K is just the binary field GF(2).

Definition 1: Let 6 be defined as above. The skew polynomial
F[z; 0] is the set of polynomials over F' where addition of the
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polynomials is defined in the usual way while multiplication is
defined using the distributive law and the rule

(az’)(bz?) = ab’(b)z'H.

Example 2: Using the same automorphism from Example 1,
we get

(az)(a’z) = ab(a®)z?
2 2

:a-ax2:a:v .

On the other hand, we have

(a*z)(az) = a*0(a)z?

=a?(a®)2? = az?.

This shows that (ax)(a’x) # (a’z)(az).

Theorem 1: [17] The set F[z; 6] with respect to addition
and multiplication defined above forms a noncommutative ring
called the skew polynomial ring.

The following facts are straightforward for the ring F[z; 6].

1) It has no nonzero zero-divisors.

2) The units of F[x; 6] are the units of F.
3) deg(f + g) < max{deg(f),deg(g)}
4) deg(fg) = deg(f) + deg(g).

The skew polynomial ring F'[z; §] was introduced in [18], and

a complete treatment of this ring can be found in [14] and [17].

Theorem 2: [17] (The Right Division Algorithm) For any
polynomials f and g in F[z; 6] with f # O there exist unique
polynomials ¢ and r such that

g=qf +r where deg(r) < deg(f).

The above result is called division on the right by f. A similar
result can be proved regarding division on left by f.

Applying the division algorithm above one can easily prove
the following Theorem.

Theorem 3: [14] F[x; 0] is a noncommutative principal left
(right) ideal ring. Moreover, any two sided ideal must be gener-
ated by

f(z) = (a0 + a12™ + asz®™ + -+ + a,2™™) z°

where [(8)| = m.

Corollary 1: Let § be an automorphism of F' with |[(6)| = m.
Then (2° — 1) is a two sided ideal in F'[z; 6] if and only if mn|s.

Definition 2: For any ring R, define the center of R to be the
set

Z(R)={a:a-b=1b-a for all b€ R}.

Lemma 1: (z° — 1) € Z (F|x;]) for m|s.
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Proof: Let f(x) = ap+a1x+---+a.xz" € Flz;0]. Since
m|s, then #°(a) = a for any a € F'. Hence

(z°—=1) f(z) = (2° = 1) (ap + a1z + - - - + a,.z")
=agz® + a1z + -+ ap T

—ag—a1x + - — apx”
= (a0 + a1z + - +arz") (zf - 1)
= flx) («* = 1).

Lemma 2: [5]1Ifg-h € Z (F[z;6]),theng-h = h-g.

Definition 3: A polynomial f is called a left multiple of a
polynomial d (in this case d will be called a right divisor of f)
if there exists a polynomial g such that

f=gd.

Now suppose m|s and consider (z® — 1). By Lemma 1, (z* —
1) € Z (F[z;0]).If f is aleft divisor of (x® — 1), then we have
(2°=1)= fg=gf (by Lemma 2).

Thus, if f is aleft divisor of (2® — 1), then it is a right divisor, as
well. This fact will help in reducing the complexity of factoring

x® — 1 in F[z; 6]. From now on, we will say divisors or factors
of £ — 1 without specifying left or right.

Definition 4: A monic polynomial d is called the greatest
common right divisor (gcrd) of f and g if:

1) d is a right divisor of f and g;

2) if e is another right divisor of f and g then d = ke for some
polynomial k.

The greatest common left divisor (gcld) of @ and b is a monic
polynomial defined in a similar way. Similarly we define the
least common right multiple of ¢ and b lcrm[a, b] and the least
common left multiple of a and b, Iclm]a, b]

Theorem 4: [18] gerd, geld, lerm, and Iclm can be calculated
using the left and right division algorithms.

Remark 1: By a principal ideal domain, we mean any ring
(commutative or noncommutative) with no (left or right) zero
divisors and all left (right) ideals are principle. The ring F'[z; 6]
is an example of a principal ideal domain (see [8]).

III. SKEW QUASI-CYCLIC CODES

Definition 5: Let F' be a finite field of characteristic p with
g = p™ elements, and let # be an automorphism of F with
[(8)] = m. A subset C of F™ is called a skew quasi-cyclic code
of length n where n = sl, m|s, and index [ (or skew [-QC code)
if:

1) Cis a subspace of F'™;

2) if

_ [ €0,0,€0,15++-,€0,1—-15,€1,0,€1,15- -+, €111y -
€5-1,0,€s—1,15---,€s-1,1—1
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is a codeword in C, then

f(es—1,0),0(es—1,1),---,0(es—11-1)
9(60,0)7 ey 9(60’1_1)7 e
9(65—2,0): Ty 9(65—2,1—1)

Ty.si(e) =

is also a codeword in C'.

The map T} ,,; will be referred to as skew cyclic shift oper-
ator. Thus, skew QC codes are linear codes that are closed under
skew cyclic shift. If € is the identity map, then skew QC codes
are just the standard QC codes defined over F'.

In [4], Boucher et al. studied skew cyclic codes over F'. They
showed that a code C' is a skew cyclic code if and only if C' is
a left ideal generated by g(x) where g(x) is a right divisor of
" — 1.

Recall from Corollary 1 that z° — 1 is a two sided ideal if and
only if m|s. Because of this, we will always assume that C' is
a skew quasi-cyclic code of length n where n = sl, m|s, and
index [.

The ring R. = (F[z;0]/(z* = 1)) is a left R, =
F[z;0]/(x®* — 1) module, where we define multiplication
from left by

f(@)(91(2), 92(), - - ()
= (f(@)g1(2), f(2)g2(), ..., f(2)gi()).

.,C01-1,C ,C ., C1 =
»¢0,1-1,€1,0,C1,1, » C1,1-1 be an
<y Cs—1,1—1

€0,0,€0,15 - -
<oy C5—1,0,Cs—1,15 - -

Letc =

element in F'*!.
Define a map ¢ : F*! — RL by

¢(c) = (co(z),c1(2),-- -, ci-1(x))

where
s—1
cj(z) = Zci’ja:i € Flz;0]/(z® — 1) for
i=0
j=0,1,...,0—1.

The map ¢ gives a one-to-one correspondence between the ring
F! and the ring R'. It is also a vector space isomorphism be-
tween F$! and Rls, when considered as vector spaces over F'.

Theorem 5: A subset C' of F™ is a skew QC code of length
n = sl and index [ if and only if ¢ (C) is a left submodule of
the ring RL.

Proof: Let C be a skew QC code of index [ over F'. We
claim that ¢(C) forms a submodule of R! where ¢ is the map
defined above. Clearly, ¢(C) is closed under addition and scalar
multiplication (by elements of F). Let

¢(c) = (co(x), ca(w), - -, cia(2)) € $(C)

where
) e
sy Cl—1,5—1

c=
Cl,s—15--

<9 C1—1,0,Cl—1,15 -
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Then
$¢(C) = (11900(.’17)7 $61($)7 R J,’Cl,l(l’))
6 (cs—10)+0(coo)z+---+
_ 0 (com2,0) 2% 1,0 (cs—11) + 0 (o)
+-- 4+ 0(cs—2,1) N (cs—1,0-1) +
0 (cos—1)m+ - +0(cs—i-1)a° !
6 (Cs—l,O) ) 0 (Cs—l,l) PR
— ¢ 6 (cs—1,-1),6(cop0),0(co1),--- € 4(C).

0 (co,i—1)+---,0(cs—2,0)
¢ (65—2,1) yeeest (Cs—z,l—l)

Then, by linearity, it follows that p(z)¢(c) € ¢(C) for any
p(z) € R,. Hence, ¢(C) is a left submodule of R..

Conversely, suppose D is an R, left submodule of R.. Let
C =¢~YD)={ce F": ¢(c) € D}. We claim that C is a
skew QC code over F'. Since ¢ is a vector space isomorphism,
C is a linear code of length n over F'. To show that C'is closed
under skew cyclic shift, let

= 60,0,00,1,...700,5_1701,0761’1,...
Cl,s—15+-+-5C1—1,0,Cl—1,15-++,Cl—1,5—1

Then,lgb(c) = (90(2),91(2),- .., g1-1(2)) € D, where g;(z) =
Zf;o cijxt for j =0,1,...,1—1. From the above discussion,
it is easy to see that

¢ (Ty,5,(c)) =z (go(), 91(), . .. gi—1(7))
= (zgo(z),z91(x),...,zq1-1(2x)) € D.
Hence, Ty s,(c) € C. Therefore, C is a skew quasi-cyclic code

C. [ |

From now on, we concentrate on one-generator skew QC
codes that are cyclic left submodules of R,lg, i.e., any skew QC
code C that has the form

C={f()(91(2),92(x), ... 9(x)) : f(z) € Ra}.
Sometimes we denote this by

C = {G(f(w)G(x) . f(x) € Ry and } .

Theorem 6: Let C be a one-generator skew QC code of length
n = sl and index [. Then C is generated by an element of the
form

where g;(x) is a divisor of (z° — 1).

Proof: Let C be a one-generator skew QC code generated
by (f1, f2,..., fi). Forall 1 < ¢ < [, define the following
map:

I, : C — Rs; by
IL ((kfi, kfay oo k1) = K fie
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The function 11; is a module homomorphism. It is clear that the
image of II; is a left ideal and, thus, is a skew cyclic code in R;.
Therefore, kf; € I1;(C) = (¢;) foralli = 1,2,...,[. Hence

C = (p1(2)g1(2), p2(7)g92(2), . .., pu(@) gu())
where g; () is a divisor of (z® — 1). ]
Definition 6: Let
1(2)g1(2), p2(2)g2(2), - - . pr(x)g1(2))

be a skew QC code of length n = sl and index /. The unique
monic polynomial

C=(p

9(z) = gcld (p1(x)g1(2), . ... m(x)qi(x),2° = 1)

is called the generator polynomial of C'.

Definition 7: The monic polynomial h(x) of minimal degree
such that

h(z) (p1(z)g1(2), ..., pi(z)qi(z)) =

is called the parity-check polynomial of C

(0,0,...,0)

Theorem 7: Suppose d(z) = gerd(f, g), then there are poly-
nomials a(z), and b(x) such that

a(x) f(x) + b(w)g(z) = d(x).

Proof: The proof is similar to the case of gcd(a, b) when
the ring is commutative. Suppose d(z) = gerd(f, g). Consider
the left ideal generated by (f(z), g(z)). Since F,[z; 6] is a prin-
cipal left ideal ring, there exists a polynomial A(z) such that
(f(z),9(x)) = (h(x)). Hence, f(z) = ri(z)h(z) and g(z) =
ro(z)h(x). However, d(z) = gerd(f,g) implies that d(z) =
k(z)h(z) and (d(z)) C (h(x)). Since d(x) = gerd(f,g) then
f(z) and g(x) € leftideal (d(x)). Hence, (h(x)) C (d(z)) and
we have (d(z)) = (f(z),g(x)) = (h(z)). Therefore, there are
polynomials a(z), and b(x) such that

a(z)f(2) + b(x)g(z) = d(x).
n

Corollary 2: Suppose d(z) = gcld(f, g), then there are two
polynomials a(z), and b(z) such that

Lemma 3: Let g(z) and h(z) be the generator and the parity-
check polynomials of a skew QC code C'. Then

Proof: Since

g(@) = geld(pi(z)g:(2), ...
z® — 1 = g(x)k(z) for some polynomial k(z). Note that

(
by Lemma 2, we have 2° — 1 = g(x)k(z) = k(x)g(z). We also

i(x)gi(x), z° = 1),
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have p;(z)g:(z) = g(x)a;(x) where o;(x) are polynomials in
R, foralli = 1,...,l. Hence, we have

k(x) (pr(x)g1(2), . ... pi(2)gi(x)) =
k(z) (9(z)on(x), ..., g(x)ou(x)) = (0,0,...,0)
Thus, k(z) = q(z)h(x) and degk(z) > degh(z). Now by
Corollary 2, there are polynomials a;(z) such that
pi(@)g1(z)ar(z) + -+ + (2" = Dayya(x) = g(x).
Therefore
h(z)(pr(z)g1(x)ar(z) + - - + (27 = Darg1 ()

= h(z)g(z) = 0.

This implies that deg h(x) > deg £ g( ) = deg k(). Therefore,
k(z) = h(z). [ |

Definition 8: Let C = (G(z)) be a skew QC code. The an-
nihilator of C' is the set

I={r(z):

It is clear that I is a left ideal in R;.

r(z)F(x) =0 for all F(z) € C}.

Lemma 4: Let C = (G(x)) be a skew quasi-cyclic code with
annihilator 7. Then I = (h(z)) and

C=~R,/I,
dim C = degh(x).

and

Proof: Define the map

U:R, — Cbhy
U (r(z)) =r(z)G(x)

V¥ is an onto module homomorphism with ker ¥ = I = (h(z)).
Therefore, C =2 R/ (h(z)) and, hence, dim C = deg h(z). ®

IV. SIMILAR POLYNOMIALS IN F'[z; 6]

In the case of QC codes in the ring F[x], we know that the
parity-check polynomials are unique up to a unit. In the case of
skew QC codes things are not as straightforward as in the case
of QC codes. To study the parity-check polynomials we need to
introduce the notion of similar polynomials in the ring F[z; 6].
Our main result is to show that two codes C; with parity-check
polynomial h; and C; with parity-check polynomial hs are iso-
morphic if and only if h; and hy are similar polynomials.

Definition 9: Two nonzero elements a and b in a principal
ideal domain R are called right similar if there is a € R such
that

gcld(u,b) =1

ua = lerm[u, b].

and

Left similar elements can be defined similarly.
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Note that if there is a u € I such that
gcld(u,b) =1 and
ua = lermlu, b]
then we have m = ua = bc for some ¢ € R. If gcld(c,a) >

1, then m = wa # lermfu,b]. Hence, gcld(c,a) = 1. The
mapping

Q:R/Rc — R/Ra defined by
Q(e+ Re) =eb+ Ra

is a module homomorphism. We have
Q(c+ Re) = Q(Re) =cb+ Ra € Ra

which implies ¢b = ak for some k € R. Since gcld(c,a) = 1
then we must have cb = [c¢rm]c, a]. Therefore, the definition of
right similar (or left similar) is symmetric (see [8, pp. 26-27]).

Example 3: Let F' be any field of characteristic p. We will
show when two linear polynomials p; () = x —« and ps (z) =
x — (3 are right similar.

Letu = ¢ € F, then gcld (u,p2) = 1 and cc™'py is a right
multiple of u and p». Hence, lerm[u, p2] = ¢py if and only if

cc'py = ep1y = ¢(x — )y for some v € F.

Hence

t

x — B =cxf(y) — cay = cay? — cary.
This implies that

1= cvpt and 0 = cay. This implies
16 :avl_”t or af~! = 'ypt_l € F.
Therefore, © — « is similar to z — £ if and only if a3~ =
v -l eF.
If we consider the field G F'(22) and the Frobenius automor-

phism we can conclude that the polynomials py(z) = z —
1, po(z) = x — a and p3(x) = = — o are all right similar.

Theorem 8: 1f a and b are right similar then they are left
similar.
Proof: Suppose there is a u € R such that

gcld(u,b) =1  and

m =ua = lermu, b].
Suppose gerd(c,a) = d # 1, then
¢ = a1d and a = «aad.
Hence

m = ua = ucsd = be = bayd.
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This implies that
lerm|u, b] = uay = bay # m.
A contradiction. Hence, gerd(c,a) = 1. Since
m = ua = lermfu, b]

then m = wa = bc for some ¢ € R. This implies that m is a
common right multiple of v and b. Now suppose v = lclm]c, a].
Then v = (Bic = (2a for some (1,32 € R. Since m is a
common right multiple of v and b, m = f3v for some (3 € R.
Hence

ua =m = [B3v = [B320a

(U, - ﬂgﬂg) a =0.

Since a is not a (right or a left) zero divisor, u = (3335. Similarly,
we have

be = m = fav = PB30c.

Again, we will have b = [3(;. This implies that (3 is a left
divisor of w and b. Since gcld(u,b) = 1, we must have m =
lelm]e, a]. ]

From now on, if a and b are right similar we will say that
they are similar. In the case that the ring is commutative, then
two elements are similar if and only if they differ by a unit.

Theorem 9: Let hy(x) be a parity-check polynomial of a skew
QC code (4, and let ho(x) be a parity-check polynomial of a
skew QC code C5 then Cy = C if and only if hy(z) is similar
to ho (JZ)

Proof: Suppose C; =
R,/ (hao(x)). Let

CQ. Then RQ/ (hl(d?)) =

®: R,/ (hi(x)) — R,/ (ha(zx))

be such a module isomorphism. Suppose ®(1 + (hi(z)))
a + (ha(x)) then

O(r + (h1(z))) = ra+ (ha(x)) forany r € Rs. (1)
In particular, we have
P(h1 + (b1 (2))) = haa + (ho(z)).
Since ® is a module isomorphism, we must have
®(hy + (ha(z))) = ha(z) = 0.

This implies that hya € (ha(x)) and, hence, hia = rohy = m.
Since ® is surjective then there is ¢ € R, such that

D(c+ (hi(x))) = ca+ (ho(z)) =1+ (ha(z)).
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Hence, ca — 1 € (ha(x)). This gives

ca—1=1(z)ha(x)
or
ca — l(x)ha(z) =1.
Hence
gerd(a, ha(x)) = 1. (2)
Suppose lclm[a, ho(z)] = k. Then
k= aia = ashg € (ha(x)).
Since @ is injective then a; € (hi(x)). Hence, a1 = t1h1(2)
and £ = t1hy(z)a. However, we have hia = rohy = m.
Therefore
lelmla, ho(z)] = hya. 3)
From (2) and (3), we get that hy(z) and ho(x) are (left) sim-
ilar.
Now suppose hi(x) is (left) similar to ho(2). Then there is u

such that

gerd(u, he) =1 and

lelm[u, ho] = hyu.
Define

U R/ (ha(z)) = R/ (ha())

U(r+ (hi1(z)) = ru+ (ha(z)).

It is clear that ¥ is a module homomorphism. It is left to show
that W is a bijective function.

Since gerd(u, he) = 1 then ¢iu + cohs = 1 for some ¢; and
ca € Rs. This implies that

U(cr + (hi(z)) = cru+ (hao(z)) =1+ (ha(z)).
So, for any  + (ha(z)) € Rs/(ha(z)), we have
U(res + (ha(x))) = r¥(er + (ha(2))) = r + (ha()).
Therefore, VU is surjective. Suppose
V(s + (hi(2)) = su + (ha(2)) = ha(x)
for some s. Then su € (ha(x)). So
su = rha(z) for some r.

Since lclm[u, ho] = hiu, we have

su = t1hyu.
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To show ¥ is injective, we need to show that s € (hq(z)). By
the right division algorithm, we have

s = qihy + 1 where degr; < degh;.
This implies that
su = qhiu+riu = riu € (ha(z)).

Since lclm|u, ho] = hiu, riu = tohiu € (hi(z)). Ifr €
(h1(z)) then

s=qhi+r1 € (hi(x))

and, hence, U is injective. If 71 ¢ (hq(z)) then repeat the right
division algorithm again until we get a remainder r; € (hy(x)).
This implies 7;-1,7;—2,...,8 € (hi(z)). Therefore, ¥ is in-
jective, and, hence, it is an isomorphism. |

V. SEARCH RESULTS

The Hamming weight enumerator, W¢(y), of a code C' is
defined by

Woly) =Y v => A “

ceC

where w(c) is the number of the nonzero coordinates of the
codeword ¢ and 4; = |{c¢ € Clw(c) = i}|, i.e., the number
of codewords in C' whose weights equal ¢.

The smallest nonzero exponent of y with a nonzero coeffi-
cient in W (y) is equal to the minimum distance of the code.

We know that the ring F'[z] is a unique factorization domain
and the polynomial 2° —1 has a unique factorization as a product
of irreducible polynomials in F[z]. Things are different in the
ring F[z; 6]. The skew polynomial ring F'[x; 6] is not a unique
factorization domain, and, hence, polynomials, in general, do
not have a unique factorization as a product of irreducible poly-
nomials.

Example 4: Consider z* — 1 over ' = GF(4). We have

z+a®)(z +a)(z + a?)
z +a)(z + a®)(x + a?)
z+a?)(z+1)(z+1).

—~ o~

One of the main problems of coding theory is to construct
codes with best possible parameters. There is a well known table
of linear codes with best known parameters over small finite
fields [10]. The computer algebra system Magma also has such
a database [3]. Researchers continuously update these tables as
new codes are discovered. As the gaps narrow in the tables, it
gets more and more difficult to find new codes. Many of the
new codes discovered in recent years have come from the class
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TABLE I
PARAMETERS AND GENERATORS OF THE GOOD SKEW QC CODES OF INDEX 2
[ Parameters | g | f |
40,9,21] | aa?00alaa®10al 0000aa?01
40,10,20] | a”a”a0la0aa®11 a%a?a?00alaa’1l
40,11,19] | alOaaaa’lal allaa?100a°01
40,12,18] | 101a200aa’1 lal00aaaaa®al
40,14, 16] | 10a?1a01 1laaa®a011
40,16, 15] | 10001 a0a?01011a?1a?0a?
40,17,14] | a”1a”1 a%ala®10a?0a0a’a’a’0a’11
44,12,20] | 11111aalla’1 a000a%a?aala’al
48,11,24] | 1aa®1a0a%a100101 aaaaa®1al0al
48,12,23] | all0a’1la’alla®a?1 1a%0110010al1l
48,13,22] | aZaa?00a100111 0001a0aZa?a’aaa’1
48,14,21] | 11a2a2a10a2101 1a11010alaZaall
48,15,20] | a?a0lala?111 laa’a’a’a’a’alaalall
48,16,19] | a00101a2al a%a0alalaalaa?aaa?1
52,13,24] | a?a%aa?10a?1allaal aa’1laa’1aa?a?a?11
60,11, 32] | aaa’a?a®a’11aal10000aall | aa?aa’0Oaa’ala?1
60,14, 28] | 11a%alla’a?a?a’aa’a’a?a’al a?0a?a0a110a%1011
TABLE II
PARAMETERS AND GENERATORS OF THE GOOD SKEW QC CODES OF INDEX 3 AND 4
| Parameters | g | f | f2 | f3
48,11,24] | 1a01a?®1 laa’lalaalll a%a’aalll -
48,13,22] | alal aa”a0aa0laal0l aa®a?01lall -
48,14,21] | a2a?1 a?a’laaaa?a?0aaa0l la2aa0la’1 -
48,15,20] | al 0a2a?11a0a’1aa?0aal aaal100a?1 -
54,13,26] | alalal ala®0laZa0a’al0l a?a?1a2%0001 -
54,15,24] | aall a?a’a?laaalaa?0a?0al a0aa?0a?a’alla®1 -
60, 14, 28] | a?0aaa01 111a00aa?10a0a?1 10alllaa’ala’aal -
60, 18,25] | aal lalaOlaa?a?a?aa?00a?1a?1 a?a%a011a%1aa’101 -
60,19,24] | al 00a’a?aaaa’1a?1a’a?a?aa’111 laa?0a®lalla’all -
72,21,28] | laal 000alaa?1a?00aaaa?aa?a?011 | Oaala?0a?11aa00al -
72,19,30] | aZa1001 1a2a10a?a0a?aa0laaaaal 1a%la?a%allll -
72,15,34] | aaa®lalaa’1] a?0a0aa?a?11a?aa0a?1 0laal0a0aZa?1 -
56,11,29] [ 1lal 0a200a01a? 0a’?lalaa?1 1a?10aala’a?
56,12,28| | 101 aa’0a?al00aa a%1a’a’a0aa’aa’a’ a?alaaa’1
64,13,32] | alal 1laalOlla?a?a a2000a 10a1a?011
64,14,31] | 101 0ala0la®a?0aa? laaa?a000a?a?1a aa’a?11a?0aa
64,15,30] | a’1 aallaa®laaaa aZa?01laa?aa’001 1a?0lalal
80,17,38] | 1111 a?a’0laaaa0la’aa’a 11allaa00aaa? a?111aa®laaala’0a?
72,15,34] | 1aZal 0al011a2a?0aa®la a010a0a2a?10aa a?0laaa?
96,20, 44] | 10101 11a2a000110a2a2a0aa’aa? a0111laaa?0aaa?0a2a? aZa?10a%10a
96,23,41] | a1 0laa’?a®1a?00aa?10aaa?al Oaaa’a?a’a’aa0a?a00a?a’a a?101a”aaa’1a0lalOaa
112,24, 48] 1aZa01 00a1aZa?1000a2a%1a%200a0a101] aaa?a?a?laa?a0lala?a?11lal | 00a2a00aZa0a?1a?101
112, 22,50] aaaaZall a?laala0a?a?1110a211 11ala?a?10alla0a? 0a?0aaa?al00a?1a?a?
120, 21, 57] aalaa®a®11al a®1a”aa®a011aa00aal 00aa’aa®1a?0a?00a%a’0a’a? laa0a?a’100a?
120, 23, 54] @010a0a?1 1a?11a0a00aa’100a 010a110aa?00a’11a’aa? aa0aa’00a’1a11001ala
[120,25,52] 11a2a211 001a00a2a21a2laaaalll a20a2aala®la2aaallaa a*1a?a00aaa’a?1a000
aaa?a?a®1a?

of QC and QT codes (e.g., [2], [11], [12], and [22]). One advan-
tage of studying codes in F'[x; 0] compared to codes over F'[z]
is that the number of factors of #* — 1 in F'[z; 6] is much larger.
Therefore, there are many more skew cyclic and skew QC codes
in F'[z; 6] than there are cyclic and QC codes in F[z]. This sug-
gests that it may be possible to find new codes in the ring F[x; 6]
with larger Hamming distances.

Our search has yielded a number of skew QC codes with best
known parameters. We call such codes “good codes”. Seven of
these codes lead to improvements in the table [10]. These are
called “new codes”. The improvement on minimum distance
is 1 unit in each case. We present these codes in the rest of

this section. These results show that the class of skew QC is
a promising class that deserves further attention.

In view of the previous section and the findings obtained
therein, our strategy to search for new codes or good codes is
as follows: Choose an integer s, and find a factor g of 2° — 1
in F[z;0] (where F = GF(4) = {0,1,a,a?}). Then search
for polynomials f1, f2, ..., fi—1 so that the skew QC codes of
the form (g, f19, . .., fi—19) have large minimum distances. We
have used the computer algebra system Magma to carry out all
of the computations.

Example 5: We consider a skew 2-QC code of length 48.
Hence, we need a factorization of 224 —1. One such factorization
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TABLE III
PARAMETERS AND GENERATORS OF THE GOOD NON-DEGENERATE SKEW QC CODES OF INDEX UP TO 4
| Parameters | fl | f2 | f3 | f4
[40,20,12] a*laaa®a’aaaalaal010aaa | OalOalaallal0a011010 — -
[30, 10, 14] a”aa00alOaa 000aa%alala? 0a’laa’0aa’l1a -
[36,12,16] 0aa’00a00a’a’a’a 0llala®1a*0aa’0 a’a00a’aaallaa -
[42,14,18] aaaa’la’aalOa’a’aa a”a’0a”a’aaa100a?00 100a*a”1a”a’a*1a*100 -
[48,16,19] a”a’00a”aaa0110aala 0010a*0a*alalaaa’aa a’1a’1a*101ala?a00a’0 -
[66,22,25] a*10aa”a?ala00 001a0a*01a*0a”aaa 100000a*110aaaaa’ -
a®00010ala01 0a011aa0 0a0a0a’a”
[40,10,20] 1a?a*aa’a’a’a’a’a 0a*110aa’all aaa®a000a’a’1 a?a0a?1a0aal
[48,12,23] 0la’a’aa?0a’a?a®01 a?0aaa’1laaa’0al aaaa’a®10a”a?000 0a”aaaaa0la’a0
[72,18,32] a0a®1laa®a®0alla?a®0a®00 | 1001011ala0aa011a®0 010aa®0a?a0a?aa0000a0 | aal000a10a001a0a’la
[80,20,35] a”a’1lala’allaa01a®00aa®0 | 10aaa’aalaa’ala®laaa®0a*( a*laa®0a’a*111a°01011aald 10a0a”00a*a*a*110a>
a?1laa0
[96, 24, 40] a0a001011a’a” 0a”1110004%1000 alaa®0a’a’aa’ala®a”®001a” | aa01al01a*1a010
alllla?a?0a000a 101aaa’0a*0la a”aala0a a*011a00aaa
TABLE IV
PARAMETERS AND GENERATORS OF THE GOOD NON-DEGENERATE SKEW QC CODES OF LARGER INDICES
[60,12,31 60,10,33] | [100,20,46] | [110,22,50] [72,12,38] | 96,16,48] | [70,10,40] | [140,20,71] | 196,12,54] | [160,20,84] [144,16,80]
a?a?aa?a?a| 1420100 a2a201laalad 10aa0 04204201 | 00aa?aa 0a2aa?0 1a21a2aa? a?a20aa?0 | aa2aZ?a?10 11a10a?1
141010 0a210 001aa2a?0a1 a201a2100 aa?a?1a0 | 0a20a20a2 011a2a a2a1a2a20a 1000a1 a200alal 4200010aa2a
01a21a20 a0a?a0a20 a20a2a? aa?0a2aa?0 aala?0aa?
aala2011 aala?1a| 11a2aa?0a a2a0101a a0a?a?al | aaa0101 @a0100 a2011aa2a 0a2010a2 Oaala?00 a?a?0aaa?
aa?1aa? 00a20 11a2010a a21a2a21a211 a2 11a1a2 | 11114210 10102 0a2a21a2a0 | a2aaaa?0 1a21aa2aa | aa?a?2a20a
a?a2a2a10 | aaa?00a?1 a?a? a0la?aa a2a0a?aa 11021
0a21aa2a? | a0al10 laa00la 0aa201a0a a21aa201 | 01114200 a2a?11a42 aaa?aa?aa?| laaOla a2100a2ala | 0la?1laa
aaaa?10 a2a2a1 | a210a2a0200| a2aaaa?1a?| 00002062 | aa?aaZa2?a?| aa?1a20 1ala?a10 101aa?a? a10a2a20a? | 1a0laa?
1aa2110 101a2a2a21 Oaa aa?aaa?0 Oaaa?1 1a2a
a20a2a1a? 001laa 1a00a2aa? 1a1a0000 11aa?00 Oala0a?1 01a201 a?2aa?0a2aa? a2aa?0a0 01a?11al 110a20aa
a,()a,z()ll laaOa 1000.20.2@0 aa2a2a0a21 1a2a1aa 00101 (/Lzl)llm2 1a2aa010 aa201a2a2 1(1,0.10,201 00aaa2a
1011a2a 101a1a20 a?11 aa?aa01 1a20aaa aaZa?
a100a21 11a01a? | 1a21a21a0 4210000020 | 1a2aa?al | 00a10a? 00a20a 1a2010aa? 110101 0a101a01 01040111
laa?laa aZ?1a20 10a20111 a2aaa0la? aa?a?a11l | lalala 1a2aa2a? 1aa2a0a?a?| a0a2a01 0a2a2a2a1 aa?0a2aa?0
a20a21a1 (La2aaa2aa2 alOoL2 a0a0a21 a200100
- a?10al - - a2a2a2aal] aa?1a?01 a2a00111a0a| a?1a201a2a | 0Oaa?110 laa00a?1 0a0a210a?1
0a2a10 a2a2101a2| a2a2a2a2a 10a100a2 a2000aa 42101401 010111142
01111 a?aa10a? 0142001
- - - - - - 0a210a? 01a2a?1a2a | a2aaala? 1011aa?a?1 | aalla0la?
aa?1a?a 1a2a2a2a21| 10a20a2a? a2aaaa?10 | 1lalaZala
4204200042 alla?a?
- - - - - - - - a001a?a? 1a2a0aal0 | al0a210a0
a?a10a0 a20aallla a2a21100aa
1a20a
- - - - - - - - - - a?01lalaa?1
00aaalaZa
isz®—1=g-hwhere g =z'>+az + 2% +az” +az®+2° Now let

+a’z* +ard +ax’ +a’r+a® and h = 212 +ax® + 28 +ax" +
a?x® 425 + az* + az® + a?2? + a®x + a. Letting f = 2! +
a?2x10+ az® + a?22” + 28+ a22° + az* + az® + x + a, the code
generated by (g, f - g) has parameters [48, 12, 24] over GF'(4).
This code has a larger minimum distance than the previously
best known code with the same length and dimension.

Example 6: Let us consider a skew 3-QC code of length 72.
We again need a factorization of 224 — 1. Here is another fac-
torization of £24 — 1: 224 — 1 = ¢- h, where g = 23 + %22 + 1
and

h = 1,21 +a$20 +$19 +a2x18 -I—LIZ'IG +$13 4 CL.CCIZ

+2'' + @220 + 2 2 ot + 2 + a2+ 1.

fl — 1_20 +1;19 +$17 + a21;15 + 01‘14 + a2$13 + a2£1712

—|—a2a:11 + xlo + a2$9 + a:s + a:7 + aa:G + a2$5 + am2 +1

and f = 213 + a2+ 210 4+ 29 + 28 + 0227 + az3 + ax and
consider the code C generated by (g, f1g, f2g). Itis a [72, 21,
29] code and, therefore, better than the previously best known
code with parameters [72, 21, 28].

In the rest of the examples, we use the trivial factor of 1; there-
fore, the generators of the codes are of the form (f1, f2, ..., fi)-
We shall refer to such codes as nondegenerate skew QC codes
(since the codes of the form (f19, f29, ..., fig) withdegg > 0
are sometimes referred to as degenerate QC codes in the litera-
ture). The polynomials are represented by a list of coefficients
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of increasing powers. Hence, the sequence a001aa?1 represents
the polynomial ¢ + a?z% + az* 4+ 23 + a.

Example 7: A [48, 16, 20]-quasi-cyclic linear code
generated by fi = 0a2a%a0a?10a?0al11a?a?1, fo =
100a20a2a2aa?1a?1a%0a320, f3 = a?aa0a?0aala’aaalaa.

Example 8: A [96, 16, 49]-quasi-cyclic linear code
generated by fi = 0a?a®laa®0aal00a?a0a, f, =
1a2a2aa00a2a211a%1a0a2, fs = 0a2a200aaaa?lala?0aa?,
fi = a0a%00a0a’aalaala’l, f5 = a2011011a%lala’alll,
fé = a100a2a%a?ala00laa®a?.

Example 9: A [100, 20, 47]- quasi-cyclic linear code gener-
ated by

f1 =a00a?a?001a%a?a’011ala’all
fo =01a?0ala01a®1a1a01001a>

f3 = alaal001aa?0000a?ala’a’1
f1 =1alaalla®a*aa®0a?a0010a1

fs =a?0111aa’1a%aa’a’a0a?01all.

Example 10: A [140, 20, 72]-quasi-cyclic linear code gener-
ated by

f1 =1a%a%aalal0aa®10a01a’a?01
fo= aa0a?01a?aa0alalaalall

fs =a%a’a’1aa’alalaaa’a*0aalaa

f4 =10001aaa®0a010a®a>a0010

fs =al1001ala’a’laa’10aa®1aa

fe =a%0a%10a’11a%a’a’1a?a*0a?0110
f7 =a%1011000a%a201a%01aaa’®a’1.

1

Example 11: A [110, 22, 51]-quasi-cyclic linear code gener-
ated by

f1 =1a%010aa0a?01a?100a0a?a0a>0
fo =a%a0101aa’1a?a*1a%11aaa?00a?1
f3 =00a?a00a?01a*aal100a0a®alla®
f12 =01a01010a%11a01100a2a’ala

fs = a20a0a®a?a00a?al0a0aaala’la.

‘We summarize the rest of the results of our search that yielded
good codes in Tables I-1V.

VI. CONCLUSION

In this paper, we study the structure of 1-generator skew
QC codes in the noncommutative ring F[z;6]. We have
shown that skew QC codes are left submodules of the ring
R\ = (F[x;6]/(z* —1))!. We also introduced the notion
of similar polynomials in the ring F[x;60] and showed that
parity-check polynomials are unique up to similarity. Our
search results yield to the construction of several new linear
codes with Hamming distance larger than the Hamming dis-
tance of the best linear codes with similar parameters. An
important problem that needs to be addressed is an efficient
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method of obtaining all factorizations of ™ — 1 in the skew
polynomial ring. Also, a BCH type bound for skew cyclic and
skew QC codes is a future topic of interest.
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