x2 + 615 = 2n . Look for integer solutions

The square of any number ends up with 0, 1, 4, 5, 6 or 9. If we add 5 to any of these numbers (5 is the unit digit of 615), we get that x2 + 615 can end up with 5, 6, 9, 0, 1 or 4. 

Also, we know that 2n can only end up with 2, 4, 6 or 8 (we exclude the special case 20 = 1 since n = 0 is obviously not a solution). Comparing both sides of the equation we observe that the only match is when 2n ends up with 4 or 6 (and x2 ends up with 9 or 1 respectively).

The exponent n can be either even or odd. Assume n is even, then n = 2k where k is an integer. Thus 2n = 22k = 4k. Four to any power has either 4 or 6 as a unit digit (this is obvious when we try a few examples), so the exponent n can be any even integer. Can n be odd? Assume n = 2k + 1. Then 2n = 22k+1 = 2x4k. We saw that 4k ends up with 4 or 6, which implies that 2x4k ends up with 8 or 2. However this contradicts our condition on 2n that it must have only 4 or 6 as a unit digit. Therefore n cannot be an odd number.


Now rearrange the equality to get 615 = 2n – x2 = 22k – x2 = (2k)2– x2 = 

= (2k - x)( 2k + x) making use of the fact that n = 2k is even. We’ve managed to represent 615 as a product of two integers (since we are only looking for integer solutions, x and k must be integers). Note that 615 = 3x5x41, so the only possible integer factorizations of 615 are 15x41, 3x205, 5x123, 1x615. Now we are left to solve a few simple linear systems of equations:

1) 2k – x = 15, 2k + x = 41. Add these two equations to get (2k – x) + (2k + x) = 15 + 

+ 41, 2x2k = 56 => 2k+1 = 56 and k cannot be an integer as required (25 = 32, 26 = 64).

2) 2k – x = 3, 2k + x = 205. Add these two equations to get (2k – x) + (2k + x) = 3 + 

+ 205, 2x2k = 208 => 2k+1 = 208 and k cannot be an integer as required (27 = 128, 28 = = 256).

3) 2k – x = 1, 2k + x = 615. Add these two equations to get (2k – x) + (2k + x) = 1 + 

+ 615, 2x2k = 616 => 2k+1 = 616 and k cannot be an integer as required (29 = 512, 

210  = 1024).

4) 2k – x = 5, 2k + x = 123. Add these two equations to get (2k – x) + (2k + x) = 5 + 

+ 123, 2x2k = 128 => 2k+1 = 128 and hence k + 1 = 7, k = 6. Thus n = 2k = 12 and to get x just subtract the two equations (2k + x) - (2k - x) = 123 – 5, 2x = 118 => x = 59.

Therefore, the only integer solutions to the equation are x = 59 and n = 12 (if we allow for negative integers, x = -59 and n = 12 is another pair of integers that satisfy the equality).

