
Problem #3, Solution by Stillian Ghaidarov

First, multiply the top equation by 5 and the bottom one by 3, and then subtract to eliminate x2:

15x2 - 10y2 - 20z2 + 270 = 0, 15x2 - 9y2 - 21z2 + 222 = 0 => -y2 + z2 + 48 = 0 (A).


Then, multiply the top equation by 3 and the bottom one by 2, and then subtract to eliminate y2:

9x2 - 6y2 - 12z2 + 162 = 0, 10x2 - 6y2 - 14z2 + 148 = 0 => x2 - 2z2 - 14 = 0 (B).


Finally, multiply the top equation by 7 and the bottom one by 4, and then subtract to eliminate z2:

21x2 - 14y2 - 28z2 + 378 = 0, 20x2 - 12y2 - 28z2 + 296 = 0 => x2 – 2y2 + 82 = 0 (C).


Now rearrange (B) to obtain x2 = 2z2 + 14 = 2(z2 + 7). It follows that x2 is even, therefore x must be even too. However, if x is an even number (divisible by two), then its square must be divisible by 22 = 4, hence (z2 + 7) must be divisible by 2 i.e. (z2 + 7) is even. Then we can deduce that z2 must be an odd number, from which it follows that z is an odd number.


Now rearrange (C) to obtain x2 = 2y2 - 82 = 2(y2 - 41). By exactly the same reasoning as above, we can argue that (y2 - 41) is divisible by 2 and therefore even, hence y2 is odd and, respectively, y must be odd as well.


Let y = 2k + 1 (odd) and z = 2n + 1 (odd) where k,n are some non-negative integers (since we are interested in non-negative integer solutions only). Plug these expressions for y and z into (A):

(2n + 1)2 - (2k + 1)2 + 48  = 0, 4n2 + 4n + 1 – 4k2 - 4k – 1 + 48 = 0. Divide through by the common factor 4 and rearrange to get k2 - n2 + k – n = 12, (k – n)(k + n) + (k - n) = 12 => (k – n)(k + n + 1) = 12. Since k and n are non-negative integers, then (k + n + 

+ 1) and (k – n) are also non-negative integers whose product is 12. The only possible factorizations of 12 are 12 = 1X12 = 2X6 = 3X4 which leaves us to solve 6 simple linear systems of equations to determine the possible values of k and n:

1) k – n = 1 and k + n + 1 = 12. Then k = n + 1 and (n + 1) + n + 1 = 12, n = 5 and k = 6. Thus z = 2X5 + 1 = 11 and y = 2X6 + 1 = 13. Plugging the known value of y back into (B) we solve to find x = 16. 

2) k – n = 12 and k + n + 1 = 1. Then k = n + 12 and (n + 12) + n + 1 = 1, n = -6 => this solution doesn’t satisfy the condition on n to be a non-negative integer.

3) k – n = 2 and k + n + 1 = 6. Then k = n + 2 and (n + 2) + n + 1 = 6, n = 1.5 => this solution doesn’t satisfy the condition on n to be an integer.

4) k – n = 6 and k + n + 1 = 2. Then k = n + 6 and (n + 6) + n + 1 = 2, n = -2.5 => this solution doesn’t satisfy the condition on n to be a non-negative integer.

5) k – n = 4 and k + n + 1 = 3. Then k = n + 4 and (n + 4) + n + 1 = 3, n = -1 => this solution doesn’t satisfy the condition on n to be a non-negative integer.

6) k – n = 3 and k + n + 1 = 4. Then k = n + 3 and (n + 3) + n + 1 = 4, n = 0 and 

7) k = 3. Thus z = 2X0 + 1 = 1 and y = 2X3 + 1 = 7. Plugging the known value of y back into (B) we solve to find x = 4.

Therefore, the only non-negative integer solutions to the system of equations are (x = 4, y = 7, z = 1) and (x = 16, y = 13, z = 11). 

